On Multivortices in the Electroweak Theory II:
Existence of Bogomol'nyi solutions in R?

Joel Spruck* Yisong Yang!

Abstract

1 Introduction

In Part I of this paper [11], we have proven the existence of Abrikosov like periodic
vortices for the bosonic sector models proposed by Ambjorn and Olesen [4] of the full
Glashow-Salam-Weinberg electroweak theory, where the gauge group is SU(2) x U(1).
These solutions were found from a Bogomol'nyi system of first order equations which
take on a more complicated form than in the classical abelian case due to the anti-
screening of the magnetic field. As a result, this system further reduces to a semilinear
elliptic system of nonstandard type and we showed in Part I that the number of such
vortices is bounded above in terms of the relevant physical parameters (although the
locations may be prescribed arbitrarily).

The goal of the present paper is to study this Bogomol'nyi system for the self-
dual electroweak interactions in the full space = 2. These solutions are necessarily
of infinite energy and thus the method of Part I cannot be directly applied. Our
main strategy then, is to combine the method of weighted Sobolev spaces used by
McOwen [8] in his study of conformal deformation equations, with the crucial change
of variables introduced in Part I to reduce our elliptic system to a lower diagonal
form. As a result, we are able to show (Theorem 3.3) that for any distribution of
vortex locations there is a two parameter family of gauge-distinct solutions.

In order to fix the ideas, we first illustrate this method applied to the simplified

SO(3) theory of Ambjorn and Olesen [6] (see also Yang [12]) in which the W-bosons
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acquire mass through a Higgs mechanism but the Higgs fields are neglected from the
Lagrangian. Here the system of Bogomol'nyi equations can be reduced to a single
semilinear elliptic equation very closely related to the equation of prescribed Gaussian
curvature. Thus in Section 2, we apply McOwen’s method to study the existence of
massive SO(3) vortices. We then go on in Section 3 to study the full electroweak

theory and prove our main results.

2 The Massive SO(3) Gauge Theory

According to the discussion of Yang [12], Ambjorn and Olesen [6] , the reduced
energy density for vortex-line solutions of the massive SO(3) gauge field theory is
given by
E=3fh +IDIW +iDyW|? + 2m3, |W|?

—2ef1o| W] + 2e*|W 4,
where W is a complex scalar field, A; (j = 1,2) is a vector field, fio = 01 Ay — 024,

and

(2.1)

DjW = 8JW — Z@AJW
By virtue of the relation (D, Dy, — D, D;)W = —ief;;W, the Euler-Lagrange equa-

tions associated with (2.1) may be written as

D;D;W = 2m},W — 3efiaW + 4e?|W|*W,
(2.2) 0, fin = ie(WI(DW) — W(D W)
+3eeu (WH(D,W) + W(D;WHT) .

By rewriting the the energy density £ as

2

1 m? mi, miy
— (fz =5 )

(23) € =|Di/W +iD,W|* + 5(f12 = [TW + 2e|W %)% +

the Bogomol'nyi equations associated to (2.1), (2.2) are

DiW 4 iDyW = 0
(2.4) { W+ !

Jiz — (m%V + 2e|W ) = 0.

e

It can be shown that (2.4) implies (2.2). We are interested in solutions of (2.4) over
the full 2. What is the energy of such solutions? Using (2.4) in (2.3) we have

m? m? 1m? mé
e Miv e My Ly oo o My
e (F12 26) 2 2 + 2miy [WE = 2¢e2

Therefore the total energy / 25 dz is necessarily infinite.
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Let zp be a zero of W. Equation (2.3a) implies that in a neighborhood of z = zq,
W(z) = (2 — 20)"ho(z1, x2)

where nq is an integer and hg is a smooth nonvanishing function. Thus the zero set
Z(W) of W is discrete. If Z(W) = {z1,..., 2y} is finite and the multiplicity of z = z,
is ny, then the replacement v = In [W|? reduces (2.3) to

(2.5) Au = —2mj, — 4e’e” +4m Yy ned(z — z).
=1
Define

m
up =Y In|z — z|*" — myy (a7 + 23) .
=1

Then .
Aug =41y nid(z — z0) — 2myy,

=1
and

Uy = U — Ug
satisfies

Auy = —4e2Uye™

where
(2.6) Up=e™ =TI, |z — z*™e ™" | r=|z|.

We now introduce the functions uy € C*°( ?) so that
Uy = —alnr, r>1
where a > 0 is a constant. Let n = u; — uy. Then (2.5) is reduced to
(2.7) An+ Ke = —Auy = f

where
K = 4e*Uye* .

Because of (2.6), the function K satisfies:
(2.8) K>0, K=0(") forlarge > 0.
It is easily seen that f is of compact support. Also,

fdx = / fdxr = — Ausy dx
R jol<1 je|<1

(2.9)

U2
= — ——ds = 2«
lz|=1 OT m



As in McOwen [8] we define the functionals

I(n) = /RQ EIWI2 +.fn

dz, J(n) = /R2 Kedx .

In order that these functionals be defined properly, we need to consider a suitable

weighted Sobolev space. Let du = hdx, where h is a pointwise C'*™° function with
h(r)y=r"" for r=|z] > 1.

Let H denote the Hilbert space of L2 _ functions for which

toc
F 3=1 V0 122wy + 0 12y < 00 -
Notice that H contains the constants and thus
n— /R LAy
is a continuous linear functional on H so that
H={neH: /ndu:O}
is a closed subspace of H. Therefore we have for each n € H the decomposition:
(2.10) n=n+n, 7= constant, n € H.
The following results may be found in McOwen [8]:

Lemma 2.1. For any 0 < ¢ < 4r, there is C(¢) > 0 so that
2

alnl 7, < v
/1%26 dp < C(g)exp 4(47?—5)|

| Vi H%Q(dx)

for any a e .

Lemma 2.2. The Poincaré inequality holds on H: there is a constant C > 0 so that
10 12200 < C IV 2y 1 € H.

Lemma 2.3. The injection H — L3(du) is a compact embedding.

Thus we see that both I(n) and J(n) are well defined on H. Consider now the

optimization problem

(2.11) min{I(n) | J(n) = 2ra, n € H}.



Lemma 2.4. The problem (2.11) has a solution provided 0 < o < 4.
Proof. For n € H , let us use the decomposition (2.10). If J(n) = 27a, then
eﬁ/ Ke"dx = 2ra,
R2

or

(2.12) 7=1In2ra —1In { Ke"ldm} :

R2
As a consequence,
1
I(n) = / ~|V Pdx +/ (fm+ fn)dx
R22 2

(2.13) /
=3V H%z(dl,) —|—/RQf7]’dac + 27 |In 27 — In (/R2Ke’7 dx)]

On the other hand using Lemma 2.2 we find

Ke"dr = / Kh™'e" hdz < C, / e du
R2 R2 R?

(2.14) p 1 12
< Cl exp (m H Vn HL2(dx)) )

and
(2.15) ‘ / Frlde _’ / PRV M2
R2 R?

Substituting (2.14)—(2.15) into (2.13) yields the lower bound :

<e'Cot+e |l 12y -

e’

47 —

(2.16) I(n) > (1 -

> = <C) | V1 By —C"(0)

where C” is a constant independent of &, a > 0.

Since 0 < a < 4, we can fix € > 0 sufficiently small to make

>0,

=1-
7 4 — ¢

Let {n;} be a minimizing sequence of (2.11). Then (2.16) says that
IV o= M j =12,

where M > 0 is a constant.
By virtue of (2.12) and (2.14), it is seen that {7,} is bounded as well. So we may

assuime

n, —n € H weakly |

n—ne.



Hence from Lemma 2.3, we may assume that n; — n =7n+n' € H strongly in L*(du).

Therefore,

e 157 = [ frda| < Jra | FB12|n; — | hY/2de
<Cln—nlr2@y—0 as j—o0.

and
| [z KeMda — [ Kedx| < [pe Keltl |, — n|da

< O [ge KeI R340 4 n; — | h'2dx
_3\1/4 ' 1/4 1/4
< O (J2 KB (fo €hdpt) " (S Iy — )
< C"exp |25 | Vs 3o | 15 = 1 llz2am— 0 as 5 — oo

Thus I(n) < liminf I(n;) and J(n) = lim J(n;) = 2ma. In other words, 7 solves
j—0o0 J—00
(2.11). O

Lemma 2.5. The minimizer n of (2.11) obtained in Lemma 2.4 is a solution to (2.7)

Proof. By the Lagrange multiplier rule, 3\ €  so that
(2.17) /RQ(Dn~Dq5+f¢)dx=)\/RQ Ke'gdr, Vo € H.
Taking the test function ¢ = 1 in (2.17), we get

2ra = AJ(n) = 2mal.

Hence A = 1, and 7 is a weak solution of (2.7). Then elliptic regularity theory implies
that n is a C'* solution of (2.7).

Of course, different values of a corresponds to different solutions of (2.7). Do these
different solutions give rise to different (gauge-distinct) solutions of the Bogomol'nyi

system (2.4)? To answer this, let us recall that

U— Uy +u = Uy+us+n

and
K = 4e*Uye™? = 4e®e™0e2 .
Hence
2ra = / Kedr = / 4eleuotuzti gy
(2.18) R? R?

= 462/ e'dr = 462/ (W 2dz .
R? R?

But (2.18) is invariant under gauge transformations (W +— We™) and thus different
a gives rise to gauge-distinct solutions of the Bogomol'nyi system (2.4). We have

thus shown



Theorem 2.6. Let z1,...,2ym € = . 2 and ni,...,nm € 4. Then, for any
0 < a < 4, the Bogomol'nyi equations (2.4) have a solution (W(®) A®) satisfying

/ W yd;c_22,

ZW@)Y) = {z1,..., 2}, and the multiplicity of the zero z = z, of W@ is ny (¢ =
1,...,m). In other words, for any distribution of zero locations zy,...zn, € . 2
(2.4) have a continuous family of gauge-distinct solutions labeled by the parameter

0 < a < 4 which realize these zeros.

We now turn to the full electroweak theory.

3 The Full SU(2) x U(1) Electroweak Theory

We have seen in Section 3 of Part I that the Bogomol’'nyi equations for the bosonic

sector of the SU(2) x U(1) gauge invariant electroweak theory take the form
DWW +1D, W = 0

(3.1) Py = 3205+ 2gsinf|W?,
' Ziy = gl?(& ®3) +2gIn0|W|?,
Z; = =0 ng,

where W is a complex field, ¢ is a real ﬁeld, Py = O1Py — 0, P (P is the gauge
photon vector field), Z1o = 1 Zy — 07, (Z is the massive Z meson vector field),
D;W = 0;W —ig ( P;jsinf+ Z;1In0)W. Recall that, in the theory on a periodic cell,

2r N
/P12 = T and /Z12 =0.
Q Q

e
We now consider the model on the full R?.
The energy density of the electroweak theory (in the unitary gauge) is
= |D\W +iD,W|? + 12122
(3.2) —2g(Z12In0 + Py smé’)|VV|2 + 2¢%|W |4
+(0;0)* + 025 920* 22 + G2 W2 + A(9f — ¢%)*.
Let (¢, W, P, Z) be a solution to (3.1). Then
E> SPL+ 573 —29(Z12In 0 + Praysin 0)|W |2
20 |W | + g2 ¢* W] + Ao — ¢*)?
2 .
= 30} + 20" AW+ 1g% s oW 1Y
+1(41n (07 — 93)% + 49 In? O|W[* + 2¢%(¢* — &3)[W |?)
29(4(¢* — @3) + 2910 O|W |2 + L¢3 + 2g sin® 6| W |?)| W2
+ 2g2|W!4 + W + M¢f — ¢2)2

g 4
Z dsin? 9¢0




which means that the total energy / 25 dr must be infinite again.
R

Define as before the new variables
u=In|W}?*, w=Ine¢*.

Then equations (3.1) are transformed into the system

(3.3) Au = —g?e¥ — eg?e" + 4n 7 ned (2 — 24),
. 2

Aw = 3L (e” — ¢5) + 2g%€e" .
Let

{ ug = S In|z — 2>,

2,2
_ g¢0 2 2\ .
Wo = —41n20(£€1 +I2),

U = U —Ug,
W), =W — W -

{ Aul — _g2ew0+w1 _ 4926u0+u1

2
Awy = FLevoten 4 2g2euotu

Then wuy, w, satisfy

(3.4)

The term e“ ™ is a bad term while e*0t*1 is a good term, because e“° decays
exponentially fast.

As in the periodic case, we introduce the change of variables as follows:

Uy = Uy + 2wy,
W = U7 .

Then equations (3.4) becomes

A — _ 42,wo l(ugfwg) —4 2 ug-t+wa
(3.5) wo 2g 62 ezttt — dge ;
Auy = g% tan? fevoes (u2—w2)

As in §2, we make suitable translations:

U = ug + &,
wy = w3 + (,

where us, w3 are smooth functions so that

us =alnr,
r>1
w3 =—pFlnr,

with a, > 0. Hence Augz, Aws have compact supports and equations (3.5) become

(3.6) { AC = —gewehlu—un) 260 _ gg2ourtwag | o

A€ = g% tan? feoez(us—ws)ea(E=0) 4



where

As before (see (2.9)), we have

/ fdx = 27, / gdx = 27[3.
R? R?
Let us now impose the constraints:

(3.7) g tan® 0 i ez (us—ws) o3¢0 gy = 27y,
R
and

92/ ewoeé(uis—w:s)e%(f—@dx =+ 492/ etotws o€ gy — 2103,
R2? R2

or
2 uo+ws ¢ _ . a
(3.8) 4q /Rze 0T eSdr = 27 (ﬂ —tan29> :
In order to make sense out of (3.8), we require:
a
(3.9) g8 > —y

Recall that
evotws — O(r*N=PY for large 7 > 0

where N = nq + - - - + ny. Hence, if

(3.10) B>2N +4,
then
(3.11) e"tws = O(r~*) for large 7 > 0.

This property is important in our discussions.
On the other hand, since

e =0 <e%g%7"2> ,
we have
(3.12) w03 (ua—ws) O(e™") for large r > 0.
Let us consider the optimization problem as in the periodic case:
(3.13) min{I(&, () |&,C€H, (&) satisfy the constraints (3.7)—(3.8)} .

where ) )
16,0 = [ do |5IVEP + SolVER + f¢ + ogd
From (3.11)—(3.12) and Lemma 2.1, it is easily seen that (3.7), (3.8) are well-defined

over H.



Lemma 3.1. If 0 = tan?0, then a solution (£,¢) of (3.13) is a solution (5.6).

Proof. For o > 0, let (£, ) be a solution of (3.13). Since the Frechet derivative of the
constraint functionals are linearly independent, the Lagrange multipler rule implies

there are constants A\, u €  so that
314) [ (V& Vot fo)dr = gPran?0 [ emed v HE Oy

(oV( -V +ogy)dr = — )\g tan 9/ w03 (ua=w3) o3 (6=O)qy

(3.15) /Rz
+u4g2/RQe“°+“’5 C@bdz, o, eH.

In (3.14), put ¢ = 1. We obtain —2ra = $A2r. Hence A = —2 and (3.6b) is
recovered. Let ¢ =1 in (3.15). We get 2780 = 2wav + p - 27 (6 — m) To recover

(3.6a), we need o = tan® . Hence
= (Btan®60 — a)/(B — o/ tan*#) = tan® 6.

Therefore (3.6a) is recovered as well. This proves the lemma.
Thus we see that it is sufficient to solve the constrained optimization problem

(3.13). As in §2, we make the decomposition

§=¢+¢.(=0+,
where ¢, ¢’ € H. Equation (3.8) says that
3 up+w3 C'd _ < _ )
“Jr€ o= g tan29
or
m (6% 7
3.16 —In - / Wwﬂd}.
(3.16) ¢ ng (8 tan29)] n{ e o
From (3.7), we get
AED / o100 3 (s —ws) 1€ —C) g 2T
R2 g?tan0
or
- 2 Ler
_ 2 u3—w3) o3 (S
As a consequence, the objective functional (€, () takes the form
160 = [, [SIVEP + 3 6] 9¢P] dz
(3.18)

/Rz(ff + tan® 995 ) — 2raé + 2mBtan® 6 (.

10



Let us first try to estimate the term
A =210 € +2r3tan’0C.

We have from (3.16)—(3.17), that

A = —2na {Z - 21n(/2e“’Oe%(“3—w3) 2(E=¢ )dx)] + 27Btan? 60 ( + C)
R

(3.19) _ 1 L
= —2mtan? (8 — atan? 0)¢ + 4w In {/26“’0@5(“3“’3)35(5 x| + 0.
R

Let us find the lower bound for / , ewoe%(u3_w3)e%(€_cl)d$. We have
R

/ ewoeé(%—m ) 3 (&~ C)dx—/ h- 1ewo62 uz—ws) %(ﬁ' C’)dﬂ
R2

> €0/ 03 (ua—ws) o 3(€'=C) gy
i 1 1
> 0Cy exp [/ {wo + —(uz — wg)] du —I—/ —(& — C’)du] :
R? 2 R22

Here we have used h ™' > gq, h = O(r™*) for large r > 0, wo = O(r?), u3, w3 = O(Inr),
so that wo+ 5 (us —ws) € L(dw); then the final inequality above follows from Jensen’s
inequality.

Thus (3.19) implies:

(3.20) A > 2rtan® (5 — tanze)g Cs.

We next analyze (3.16). From (3.11) we see that e“o™3h~1 = O(1). Hence,

fR2 euo—i—wgecldx _ fRZ eu0+w3h—1eg’dlu < 04/2€Cldu
R

(3.21) 1 o |
< Cs(e) exp {m | V¢ ||L2(dx)} (using Lemma 2.1)

Therefore (3.16),(3.21) yields the lower bound

1

ZZCG_W

1'V¢ 1Z2 )

Thus, from (3.20), there holds

1
. > — 2 — @ ) . ! 22 — .
(3.22) A 7 tan® 6 (ﬂ tan?0) " 3(ir — o) | V¢ 72040 —C7

Also, since f, g have compact supports, we easily obtain using Lemma 2.2, the in-
equalities:

J ke < Cote [ [€Pdn < 70 +C | VE [aqan

(3.23) / . o
R2|QC [dv < e™'Co+eC || V' |720an) -

11



Substituting (3.21)—(3.22) into (3.18) we get

(3.24) +1 tan? ¢ (1 — (B 5y - gc") I V¢ 122040y —Co

01 | V& 724wy +02 | VC 172042y —Cio-
where 41, 0o are independent of €, , 6 > 0. Impose now the conditions

<4

Q
2 e
(3.25) 2 tan? 0

Then, if € > 0 is sufficiently small, we get d,, 9, > 0. In particular, I is bounded from

below on the admissible set

S={{CeH|E ¢ satisty (3.7)—(3.8)}.

Let {(&;,¢;)} be a minimizing sequence of (3.13). Using (3.24) we see that { (&}, (})}
is bounded in H (see also Lemma 2.2). From (3.16), (3.21), we see that {;} is a
bounded sequence in  as well. Using (3.17), we can show that {;} is also a bounded

sequence in = . For simplicity, we assume there are &, ( € ‘H so that
E}ﬂ)ga CJIE)CI7 Ejﬁza Z‘]_>Z

In other words, §; — &, ¢; — ¢ weakly in H.

An obvious extension of lemma 2.3 is:

Lemma 3.2. The injection H — L?(du) is a compact embedding.

Hence, (3.21) says that

/ et ws ey gy — / 0w o€y
R2 R2

< C/ eICj|+|C\Kj — (|du
R2

1
/ / 2
< (/RZ 201" 1+ )du) G = ¢ llz2qan
1
< C"exp Lm — (I VG Izaan) + 1| VEZ2an) | 116G = € Mz

— 0 as j — 00.

Similarly, we can show that

/2 ewoe%(u3_w3)e%(£j_<j)d$ _ /2 ewoeé(w—ws)e%(E—C)dm —0 as j — 00.
R R

12



Therefore (&, () satisfies the constraints (3.7)—(3.8). Finally the comparison I(&, () <
liminf (&}, ;) is trivial. Hence (&, ¢) solves (3.13).

For convenience, let us summarize the conditions imposed on «a, 3 > 0 as follows:

(3.26) 5 < B < a4 (see (3.9) and (3.25)),
B>2N+4 (see (3.10)).

So we have obtained a two parameter family of solutions to equation (3.6). We can

observe that these solutions give rise to gauge-distinct solutions of the Bogomol'nyi

system (3.1).

In fact, we have

(327> U =up+u; = uy +ws = up +ws + ¢,
' w=wy 4wy = wo + 5(us — wa) = wo + 1(uz —ws) + (£ —¢)

Recall that [W]? = e¥, ¢? = ¢¥. Hence (3.27), (3.7)-(3.8) imply the relations:

2mo
3.8 / 2y = 2T
(3.28) R2¢ . g?tan?0
29 " (g %
(3.29) /R Wdr = 5 (ﬁ tan20> .

Since the left-hand-side, of (3.28)—(3.29) are gauge-invariant, different values of o, § >
0 give rise to gauge-distinct solutions of (3.1). We can summarize our results as

follows.

Theorem 3.3. Let {z1,...,2n} C 2= . ny,...,npm € 4 . Forany o, >0
satisfying (3.26), the Bogomol'nyi equations (3.1) has a solution (W, $, A, P)(a,3) S0
that Z(W) = {z1,...,zm}, the multiplicity of the zero z = z, of W is ny, the integral
averages of ¢* and |W|? satisfy (3.28)—(5.29). The solution family {(W, ¢, A, P) (a5}

15 a family of gauge-distinct solutions.

In particular, we have nonuniqueness of solutions for each distribution of vortex
locations. There is again no restriction to the number of vortices in . 2.
These infinite energy vortex solutions are “natural” in the sense that (2.3) or (3.1)

do not allow any finite energy solutions .

References

[1] Abrikosov, A. A.: On the magnetic properties of superconductors of the second
group, Sov. Phys. TETP 5 (1957), 1174-1182.

13



[10]

[11]

[12]

Ambjorn, J. and Olesen, P. : Anti-screening of large magnetic fields by vector
bosons, Phys. Lett. B 214 (1988), 565-569.

Ambjorn, J. and Olesen, P. : A magnetic condensate solution of the classical
electroweak theory, Phys. Lett. B 218 (1989), 67-71.

Ambjorn, J. and Olesen, P : On electroweak magnetism, Nucl. Phys. B 315
(1989), 606-614.

Ambjorn, J. and Olesen, P : A condensate solution of the electroweak theory
which interpolates between the broken and the symmetry phase, Nucl. Phys. B
330 (1990), 193-204.

Jaffe, A. and Taubes, C. H. : Vortices and Monopoles, Birkhauser, Boston, 1980.

Kibble, T. W. B. : Some implications of a cosmological phase transition, Phys.
Report 67 (1980), 183-199.

McOwen, Indiana Univ. Math. J 34 (1985), 97-104.

Skalozub, V. V. : Abrikosov lattice in the theory of electroweak interactions,
Sov. J. Nucl. Phys. 43 (1986), 665-669.

Skalozub, V. V. : The structure of the vacuum in the Weinberg—Salam theory;,
Sov. J. Nucl. Phys. 45 (1987), 1058-1064.

Spruck, J. and Yang, Y. : On Multivortices in the Electroweak Theory I: Exis-

tence in a periodic lattice, preprint.

Yang, Y. : Existence of the massive SO(3) vortices, preprint, 1990.

14



