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1 Introduction

Minimal immersions or, more generally, harmonic maps of a Riemann surface S into S™,. P™ and other
Riemannian symmetric spaces have been intensively studied over the past twenty five years.

The subject has been given considerable impetus by the interest of mathematical physicists in non-linear
o-models, which are harmonic maps of $? into . P", and in related problems which may be handled
using twistor theory and methods of complex geometry.

For example, [EW83], harmonic maps of S? into . P™ may be characterised as being elements of Frenet
frames of holomorphic curves in . P™ or, equivalently, in twistorial terms as projections of suitable
holomorphic horizontal curves in the twistor space SU(n + 1)/T™ over . P™ (see [Bur90]). Indeed,
considering SU(n+1)/T™ as the full flag manifold these holomorphic horizontal curves in SU(n+1)/T™
correspond precisely to Frenet frames of holomorphic curves in . P™. From an analytic viewpoint one
has reduced the non-linear harmonic map equations to the Cauchy-Riemann equations.

A similar resolution of the problem may be found for harmonic maps of S? into S™ [Cal67], a complex
Grassmannian G (. ") [Wol88], or a compact Lie group G [Uhl89]. In the latter case, one has to consider
holomorphic curves in a finite dimensional stratum of the based loop group of G.

For a (compact) Riemann surface S of higher genus the situation is more complicated. The above
constructions give some but not all weakly conformal harmonic maps into S™ and . P"™. Those which
can be so constructed are the easiest to deal with. They have strong isotropy properties and are called
superminimal or totally isotropic [Bry82], [EW83]. Such maps into S2, S and S* are particularly well-
understood. Those into S? are + holomorphic, those into S? factor through a totally geodesic S?, and
those into S* can be described using a Weierstrass representation [Bry82].

Considerable stimulus was given to the study of non- superminimal harmonic maps by the work of Wente
[Wen86] on the existence of constant mean curvature tori in . °. These are precisely the immersed tori
in . % whose Gauss map ¢: T2 — S? is a non-superminimal harmomc map. Then in [PS89], Pinkall and
Sterling showed that all non-superminimal harmonic maps ¢: T2 — S2 are of finite type, that is to say
are obtained from solutions to a finite dimensional completely integrable system of ordinary differential
equations. In analytical terms this involves showing that every doubly periodic solution of the sinh-
Gordon equation

W,z +sinh2w =0, (1.1)

is obtained by solving a finite dimensional system of ordinary differential equations. This is reminiscent
of ideas in the theory of soliton equations [FT87], of which (1.1) is an example. Using an algebro-
geometric integration algorithm developed for such equations, Bobenko [Bob91] gave parametrizations of
all constant mean curvature tori in 3-dimensional space forms using #-functions.

That such finite type behavior is to be expected for harmonic maps of 2-tori into higher dimensional
spheres was indicated by Hitchin’s study of harmonic 2-tori in $* [Hit90], and by the results in [FPPS92]
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where all minimal non-superminimal 2-tori in S* were constructed from completely integrable Hamil-
tonian ordinary differential equations in finite dimensional subspaces on a certain loop algebra. In the
latter case the minimal surface equations turn out to be the affine Toda field equations for SO(5),

2w,z — ** cosh 2n + e*¥ =0
(1.2)
21,z + e 2¥sinhn = 0

which is another well-known example of a soliton system [For90]. Note that (1.1) is obtained from (1.2)
by putting n = 0. Equations (1.1) and (1.2) have also been studied in [DW], [Wu93] using loop group
factorization techniques.

The general theory of harmonic 2-tori in symmetric spaces was developed along similar lines in [BFPP],
where, among other things, it was shown that every non-conformal harmonic map of a 2-torus into a rank 1
symmetric space is of finite type. However, the condition of non-conformality excludes the geometrically
interesting case of minimal 2-tori.

By contrast, in the present paper we consider harmonic maps into S™ and . P™ which satisfy very strong
isotropy conditions just short of superminimality. (Recall that conformality may be expressed as an
isotropy condition on first derivatives.) Our approach extends that of [FPPS92] in a way which seeks to
make the underlying theory more transparent.

We now describe the basic ideas for the case of harmonic maps into . P", the S™ case being similar
but rather more technical. Suppose that ¢:S — . P™ is a harmonic map of a Riemann surface S into
. P", and without loss of generality we suppose that ¢ is linearly full, that is to say that ¢(S) is not
contained in a proper linear subspace of  P™. Then, as we recall in section 4, ¢ gives rise to a sequence
{¢¢} of harmonic maps ¢¢: S — . P™ with ¢g = ¢, called the harmonic sequence of ¢. Adjacent elements
in this sequence are orthogonal (with respect to the standard Hermitian inner product on . "+1) by
construction and if some k consecutive elements are orthogonal then so are any k consecutive elements
[BWS86], [BW92], in which case ¢ is said to be k-isotropic. In particular, ¢ is conformal if and only if ¢
is 3-isotropic and, in all cases, ¢ is at most (n + 1)-isotropic. There are two possible ways in which this
latter case can arise. If ¢ is superminimal then the harmonic sequence has length n 4+ 1 and is just the
Frenet frame of a holomorphic curve (the directriz curve of ¢) so that in particular ¢ is (n + 1)-isotropic.
If ¢ is (n + 1)-isotropic but not superminimal then the harmonic sequence of ¢ is, in an obvious sense,
orthogonally periodic of period n + 1 (c.f. remark 4.5) and we say that ¢ is superconformal.

Suppose now that ¢: S — . P" is a superconformal harmonic map. Then there is a map 5: S — SU(n+
1)/T™ of S into the manifold of full flags in "** given by

¢ = (¢07~--a¢n)'

It follows that if m: SU(n 4+ 1)/T™ — . P™ is the map which assigns to a full flag its initial element,
then ¢ = 7o a This is the analogue of the twistor lift for superminimal maps mentioned above, but in
this case ¢ is neither holomorphic nor horizontal. It is, however, T-primitive (see definition 2.2) where
7 = Addiag(1,¢,...¢"), ¢ = €2/ 5o that, in particular da(T(l’O)S) is contained in the (-eigenspace of
the endomorphism of the complexified tangent bundle T(SU(n+1)/T™) induced by 7. The significance
of 7 is that it is the symmetry of smallest order m which exhibits SU(n 4+ 1)/T™ as an m-symmetric
space [Jim88] with m = n + 1. Conversely, if ¢: S — SU(n + 1)/T™ is a 7-primitive map then ¢ = 7o ¢
is a superconformal harmonic map.

The relationship between superconformal harmonic maps and the affine Toda field model comes about
from the fact that (theorem 2.5) any 7-primitive map :S — SU(n + 1)/T™ has an essentially unique
local framing F: S — SU(n + 1) whose Maurer-Cartan equations

1
da—&—i[aAa}:O, a=FYdF

can be rewritten as the affine Toda field equations for SU(n + 1)(theorem 2.6). Thus 7-primitive maps,
or equivalently superconformal harmonic maps, are the geometrical objects described by the affine Toda



field model for SU(n + 1). This, and its analogue for certain other compact simple Lie groups, is the
crucial fact on which the whole paper is based.

In a similar fashion, superconformal harmonic maps of S into S?"~! and S?" (see section 5 for the
definitions and geometrical interpretation of superconformality in these cases) correspond to 7-primitive
maps into SO(2n+1)/T™ and thus give the geometric analogues of the affine Toda field models for these
groups. The S?"-case and its relationship to the affine Toda field model of SO(2n + 1) has also been
considered in [DS].

We remark that 7-primitive maps provide natural examples of equiharmonic maps, that is maps ¢: .S —

G/T, where T is a maximal torus of a compact simple Lie group G, which are harmonic with respect to
every G-invariant metric on G/T. Such maps have been introduced by Black [Bla91].

Finally, all harmonic maps into . P' = $2, all conformal harmonic maps into . P2%,S3 and S*, and all
almost complex curves in the nearly Kihler S% are either superminimal or superconformal, and as we
show in section 6, the non-superminimal almost complex curves in S% correspond to solutions of the affine
Toda field model for the exceptional group Gs.

The layout of the paper is as follows. In section 2 we study 7-primitive maps ¢: S — G/T, where G
is a compact simple Lie group with maximal torus 7. We show (theorems 2.5 and 2.6) that such maps
are related to the affine Toda field model for G and show that when S is a torus T2, the corresponding
solutions of the affine Toda field equations for G are doubly periodic (corollary 2.7). While reading this
section the reader may find it helpful to refer to section 4 where the special case of G = SU(n + 1) is
discussed.

In section 3 we construct a large class of 7-primitive maps v: 2 — G/T by integrating certain Hamil-
tonian ODE’s on finite dimensional subspaces of the 7-twisted loop algebra of the Lie algebra G of G.
This is a standard construction which can be done by using either the r-matrix formalism [RSTS88] or
the A-K-S integration scheme [AvMS80]. The main result, which follows directly from the developments
in [FPPS92] and [BFPP] is that if a 7-primitive map 1: % — G/T factors through a 2-torus then 1 is
obtained by the above construction, and hence is of finite type. In principle, this gives an explicit method
of finding all doubly periodic solutions to the affine Toda field model for G, although it is not easy to
write down solutions explicitly. A slightly different approach to solving the affine Toda equations using
loop group splittings in the Grassmannian model appears in [Mel].

Section 4 deals with superconformal harmonic maps 1:.S — . P™ and the correspondence between such
maps and 7-primitive maps S — SU(n + 1)/T™ is established (see theorem 4.6). As a corollary, using
the results of section 3, it follows that any superconformal harmonic 2-torus 1: T2 — . P™ is of finite
type. In addition to recovering the results of [PS89] this, together with the results in [EW83], accounts
for all harmonic 2-tori in . P2

In section 5 we adapt the methods of section 4 to the case of superconformal harmonic maps into S™. In
particular, we recover the results of [FPPS92] on minimal tori in S4.

Finally, in section 6 we consider almost complex curves in the nearly Kihler S°. We recall that
S6 = G/SU(3) is a symmetric space for the exceptional Lie group G5 and that Gy is the group of auto-
morphisms of the nearly Kahler structure. We show that non-superminimal almost complex curves in the
nearly Kihler S® correspond to solutions of the affine Toda field model for G5. This is derived from the
results of section 5 together with the characterization (proposition 6.1) of non-superminimal almost com-
plex curves as those superconformal harmonic maps 1: S — S8 whose 7-primitive lifts 1;: S — S0(7)/T?
take values in Go/T2. Thus, in light of the results in section 3, every non-superminimal almost complex
2-torus in S® is of finite type. Together with the results in [BVW] this accounts for all almost complex
2-tori in S6.

Parts of this work were carried out during research visits by the second author to the University of
Durham and the SFB 288 at Technische Universitat Berlin. We would like to thank the Departments of
Mathematics of both universities for their interest and support.



2 Affine Toda fields and harmonic maps

In this section we give a geometric formulation of the (periodic) two dimensional affine Toda field model
in terms of special harmonic maps from a connected Riemann surface S into the quotient space G/T of a
compact simple Lie group G by its maximal torus T, where G/T is equipped with a G-invariant metric.
It is well known that horizontal holomorphic curves into G/T (which are harmonic with respect to any
G-invariant metric on G/T') give rise to the open (or non-periodic) affine Toda field equations.

We consider here a rather different class of maps 1: S — G/T, called 7-primitive maps (see definition 2.2),
which are harmonic with respect to any G-invariant metric. These maps are neither holomorphic nor
horizontal but are adapted to the canonical m-symmetric space structure on G/T" given by a certain inner
automorphism 7 of G of order m.

We begin by recalling some basic notions about Lie algebras and the structure of G/T, and then relate
these ideas to the affine Toda field equations.

Let G =T ©&,cn G be the root space decomposition of the complexification G of the Lie algebra
G of G with maximal torus T. We fix (once and for all) a Cartan-Weyl basis £, € G* a € A, of the root
spaces. In particular, we have the following relations:

504 = 5—0&)
[€aré—a] = o (2.1)
(5&75{3) = 5@»—/6
where #:7* — 7T is the isomorphism induced by the Killing form (,) on G which corresponds to “raising
indices”. We also fix a set of simple roots ag,...,q,,r=rank G. If § = 22:1 mrag,mp € T, denotes

the highest root we define ag by ap: = —6. Then we define

r

My =P (2.2)

k=0

as the sum of the simple root spaces and the root space corresponding to ag. Following [Kos59] we call
an element & € My cyclic if

£= arla, (2.3)
k=0
with all a;, €. \{0}. The following facts, which are proved in [Kos59], hold for cyclic elements:

Lemma 2.1.

(i) cyclic elements are regular semisimple.

(ii) if Py,...,P.:G — . are homogeneous generators of the ring of AdG" -invariant polyno-
mials with deg P, < ... < deg P, then

Pipm,=0fork=1,...,r—1,

and £ € My is cyclic if and only if P.(§) # 0.

(i) ff g,Ee M1 are cyclic then there exists t € T-  with Ad(t)(€) = £ if and only if P.(§) =
P (8).

The simple roots and the height of the highest root 6 determine, up to conjugation, an inner automorphism
7:G — G of order m = Y, _, my, [Hel78], where by definition mg: = 1. The differential of 7 at the identity

27i

of GG, which we also denote by 7, is an automorphism of G which acts on M via multiplication by ( = e .




Explicitly we have 7 = Adexp(2miZ) where Z = L 371 | n; where each 1 € 7 and a;(n;) = d;x. Note
that the fixed point set G7 of 7 is the maximal torus T of G. In fact, 7 is the automorphism of smallest
order m which exhibits G/T as an m-symmetric space [Jim88]. This gives us the . ,,-grading

G =P M (2.4)

k)e m

where M), = M_y is the (*-eigenspace of 7 on G . The adjoint action of G on G thus leads to a
decomposition

TG/T) = P M CG/Txg (2.5)
ke m\{0}

of the complexified tangent bundle of G/T into a direct sum of subbundles of the trivial G- -bundle over

G/T where [Mylgr = Adg(My) C G . An element of [M;] will be said to be cyclic if it is in the orbit
of a cyclic element of M; under the adjoint action of G.

Definition 2.2. A map ¢: S — G/T is called T-primitive if dy(T1H9S) C [My] and contains a cyclic
element.

Remark 2.3 (i) In the case where G/T is the 2-sphere S? the above definition puts no con-
dition on . In order not to exclude this case from our discussion, 7-primitive in this case
will mean harmonic with di(T(1:?)S) containing a semi-simple element.

(ii) It is shown in [Bla91] that 7-primitive maps are equiharmonic, i.e. harmonic with respect
to any G-invariant metric on G/T. Moreover, they project to equiharmonic maps under
every homogeneous projection m: G/T — G/H hence, in particular, to harmonic maps in the
underlying symmetric spaces G/K. In sections 4 and 5 we discuss those harmonic maps into
. P™ and S™ which are obtained in this way.

A standard holomorphic differential argument (contained in the proof of the next lemma) shows that
T-primitive maps have cyclic %—derivatives except perhaps at a discrete set of points.

Lemma 2.4. Let ¢:S — G/T be T-primitive. Then, viewing P, € S (T(G/T) ) as a symmetric
multi-linear form of degree d, = deg Py, P,(d)(49 is a holomorphic —-valued differential of degree d,.
In particular, %—f(p) € [My] is cyclic except possibly at a discrete set of points.

Proof. Let V be the Levi-Civita connection for a G-invariant metric on G/T. Since P.:T(G/T) —
is the restriction of an AdG -invariant polynomial on G , P, is V-parallel. Thus

0 oY oY o oY oY

T2 g, p(v, 2822 2.6

57 G 5y Voo 5 (2.6)
Since 1 is a harmonic map, V 2 g—f =0, so that PT(g—f) is holomorphic. Hence Pr(g—f) vanishes only on
a discrete set of points. |

We now come to the main results of this section. We show that, locally, 7-primitive maps correspond to
solutions of the affine Toda field equations.

By a (local) frame (or framing) of a map :S — G/T we mean a map F:U — G from an open subset
U C S, with mo F =1 where m: G — G/T is the homogeneous projection. Note that 1 is 7-primitive if

and only if

OF
F*1§ =Ag+ A1 € Mg M, (2.7)



where Ag € Mg, A1 € M7 and A; is cyclic at some point. In this case, since F is real

or — —
Fl—=4,+4 2.8
9z o+ Ai, (2.8)
so that, since 3:5% = g;i , we obtain the Maurer-Cartan equations namely,
0Ay 04 —
— - —=[4,A 2.9
82 aZ [ 1, 1]7 ( )
0A; —
— = [Aq, Ay). 2.10
57 = A Ad (2.10)

These are the integrability conditions for the existence of a real G-valued solution of (2.7).

A local frame will be called a Toda frame if there is a complex coordinate z: U — . and a smooth map
Q:U — 7 such that aF 90
—15 = - + Adexp(Q)(B) € Mo & M. (2.11)

where B =Y, _/Mmia, € M.

Theorem 2.5. Let 1: S — G/T be T-primitive and let py € S be such that g—f(pg) is cyclic. Then there
18 a local Toda frame F of ¢ around pg. Moreover, the complex coordinate z for the Toda frame is unique
up to an arbitrary translation and rotation by a d,-th root of unity, while the Toda frame F is unique up
to multiplication by an element of the center Z(G) of G.

Theorem 2.6. Let z:U — . be a complex coordinate on a simply connected open subset U of S and let
O:U — 4T be smooth. Then (2.11) has a real solution F if and only if Q satisfies the affine Toda field
equations for G [For90], namely

820 L im e20k(Q) o, # _ (2.12)
0207 poars k k ' '

In this case, = wo F:U — G/T is T-primitive and F is a Toda framing of ).

Proof of theorem 2.5. Let F:U — G be a framing of ¢: U — G/T over a simply connected domain
with complex coordinate z: U — . so that g—f(p) is cyclic for all p€U. Then, writing F'~! %—5 =Ag+ A,
as in (2.7), it follows from lemma 2.4 that P,(A;) is holomorphic and nowhere vanishing. Hence there
exists a holomorphic change of coordinate such that

PT(AI) = PT(B)

on U. Such a coordinate change is necessarily unique up to an arbitrary translation and rotation by a
d,-th root of unity. Using lemma 2.1 (iii), we have a map

7’]:U—>M0=T’

with
Adexpn(B) = A;.

Now write n = A 4+ Q with A = A and Q = —Q. Regauging F by exp A, we obtain a new framing (again
called F) for which
Adexp(Q)(B) = A;. (2.13)



It follows that 24t = [22 A,] so using (2.10) we obtain

o0
[A]_,AQ + —_] - O
0z
Hence, at every point p € U, Ay + ?39 is in the centralizer of Ay, which is a maximal torus orthogonal to
My [Kos59]. Thus, Ay = 89 or equivalently
o0

Ag=

- (2.14)

The first part of theorem 2.5 now follows from (2.7), (2.13) and (2.14), so it remains to prove the
uniqueness property of the Toda frame. Let F:U — G be another framing with

~ LOF 090 ~
1048 08
=2, + Adexp(Q)(B) (2.15)

for some smooth map Q:U — iT. Since any two framings differ by a gauge with values in T" we have a
map A:U — 7 such that B
F = FexpA. (2.16)

It now follows from (2.11), (2.15) and (2.16) that

g_iz + Adexp(Q)(B) = Z—Q + g—A + Adexp(Q — A)(B). (2.17)

Equating M; components in (2.17), we have
Adexp(Q — Q+ A)(B) = B,

or equivalently, from the definition of B,

Z e @0 :Z /Mo, -
k=0 k=1

However, &4y, . . .,&aq, are linearly independent, so that
Q- Q+A) e2ri , k=0,...,r

It follows that _
Q=0 (2.18)

and that exp A is in the center of G. The final statement of theorem 2.5 now follows from (2.16). a

Proof of theorem 2.6. It follows from (2.1), (2.9) and (2.10) that the affine Toda equations (2.12) are
the integrability conditions for the existence of a real G-valued solution of (2.11). The final statement of
the theorem is clear from (2.7). o

In what follows we will be concerned with 7-primitive maps from a 2-torus.

Corollary 2.7. Let ¢:T? — G/T be a T-primitive map of a 2-torus. Then there exists a coordinate
z:. 2= . on the universal cover. > — T2 which is unique up to an arbitrary translation and rotation by
a d.-th root of unity and a Toda frame F': T2 — G on a 2-torus T? covering T? such that (2.11) holds.
Moreover, Q0 factors through T? and so is a solution of the affine Toda field equations (2.12) defined on

T2. Conversely, every T-primitive map 1:T? — G /T is obtained from a solution of (2.12) on T?.



Proof. We use the notation in the proof of theorem 2.5 with z being the standard complex coordinate on
2= Since P,(di))(%0) is non vanishing and holomorphic on T and since P,(dy)(@0) = P,(A;)dz%
we must have that P.(A) is non-zero constant. After rescaling z by a suitable constant we may assume
that P.(A;) = P.(B). The construction in the proof of theorem 2.5 may now be carried out on the
universal cover . 2 — T2, Since a Toda frame is unique up to the center Z (G), which is finite, we have
a Toda frame F: T2 — G defined on a torus T2 covering T?. That Q factors through 72 follows from
(2.18). O

3 Integration of the affine Toda field equations

In the previous section we have seen that 7-primitive maps ¢:7T? — G/T of a 2-torus into G/T give
rise to solutions of the affine Toda field equations on T2 and that any such 7-primitive map comes from
some doubly periodic solution of the affine Toda equations. We now describe how all doubly periodic
solutions of the affine Toda equations may be obtained by integrating a pair of commuting Hamiltonian
flows on a finite dimensional subspace of a certain loop algebra. The treatment we give here extends and
complements the ideas in [FPPS92] and [BFPP] from which it derives.

Let ¢: S — G/T be 7-primitive and let F: S — G bea framing of ¥ on the universal cover S — S. Then
A=FYF = A] + Ag + A (3.1)
where Ag: TS — My, Ag = Ag, A|: TEOS — My, A = A7, and P.(A}) # 0. The integrability condition
for the existence of a frame F: S — G satisfying (3.1) is the Maurer-Cartan equation
1
dA + 5[AAA] =0 (3.2)
which, when split into its Mg and M parts, becomes
1
dAg + 5[140 A Ao] = —[A/l N Alll]
dA} + [Ag AN Aj] = 0.

The crucial observation in dealing with these equations is that they may be reformulated (see [Uhl89],
[ZS78]) using a “spectral parameter” as follows:

A=A + Ay + A} satisfies (3.3) if and only if 54)
3.4
AN = XTTAY + Ag + MA| satisfies (3.3) for all X € ST

Thus we obtain an §1—family of frames FM:§ — G and, correspondingly, an S'-family of 7-primitive
maps Y* = 7o F*: S — G/T with ¢ = 1! (if one bases ¥*(py) = 1 (po) for all A € S* at some point
Po € S)

These ideas may be conveniently described in terms of certain loop spaces. Let ¢ = e2™/™ where m is
the order of the automorphism 7: G — G which exhibits G/T" as an m-symmetric space as discussed in
section 2 and define the (Banach) Lie group AG, of 7-twisted loops in G by

AG, ={g:S' = G |gis H' —smooth, g(¢\) = 7g(\)}. (3.5)

The Lie algebra AG, of AG, is then given by

AG, = {&:S' — G| £is H' — smooth, £(CA) = 7E(N)} (3.6)



which admits the Ad AG-invariant inner product

€m = [ E.n)ar (3.7)
5'1
Expanding £ € AG, in a Laurant series we get
E€= NG, & € My, §, =& (3.8)
ke

We also have a filtration of AG, by finite dimensional subspaces of Laurant polynomials of degree d € . |

Ao={6€Ag- €= M. (3.9)

Ik|<d

Finally we note that there is a bijective correspondence between S I_families of maps F* : S — G, e St
and maps F : S — AG, given by F*( ) = F( )(\). The above discussion now may be summarised as
follows:

Lemma 3.1. A map ¢ : S — G/T is T-primitive if and only if there exists a map F:S — AG, with
F dE = \TAY + Ag + M TS — Ay C AG,

and P.(A}) #0, so that ¢ = wo F*.

We now show how to construct a large class of 7-primitive maps ¢ :. 2 — G /T using a version of the

A-K-S integration scheme or the r-matrix formalism [AvM80], [RSTS88, FPPS92]. Since the results in

[BFPP, FPPS92] will imply that any doubly periodic 7-primitive map is in the above class this shows,
in principle, how all 7-primitive maps defined on 2-tori may be constructed.

For each d = 1(m) define a pair of vector fields V, V on AG, by

§a—1
2

V(&) = [ + Aa)]

V(6) = Ie, ()t + A7)

(3.10)

It is clear that V and V are tangent to A, . It follows from the basic integration lemma of [BFPP, FPPS92]
that

V,Vl=0 (3.11)
and that the system of ODE’s 5
€ _
% _ v 3.12
£(0) =¢€ Aq,

has a unique, global, real solution &:. 2 — Ay for any given real initial condition £€ Ag.

Given such a solution &:. 2 — Ay of (3.12) the Aj-valued 1-form Aon 2

A= i(fd; F A& — i(&T_d FAle )z (3.13)




satisfies the Maurer-Cartan equation and thus gives rise to a map F: %2 5 AG, with F~1dF = A.
We note that, since P, is AdG -invariant, it follows that along solutions of (3.12),

dPr(g) :dr'Pr(d£,£7~~~7§)
:dT'PT([§7AL€a"'7£) :07

and hence P.(§) is a constant of the motion. In particular, since £ € Ay, it follows by consideration of
highest powers of A that P,.(;) is also a constant of the motion so that

Po(a) = Pr(Ey).

The following lemma is now immediate from lemma 3.1.

Lemma 3.2. If¢,€ M, is a cyclic element then, for each A € S*, * = wo F*:. 2 G/T is T-primitive
with framing F*: * — G.

The proof of the next lemma shows how solutions of the affine Toda field equations arise from this
construction.

Lemma 3.3. Let £,€ My be the cyclic element B of section 2 and let F*:. 2 5 G, \e St obe
the corresponding framings constructed above. Then each F* is a Toda frame for the T-primitive map
YN = 1o F 2 — G/T and thus there exists Q: 2 — iT C Mg which satisfies equation (2.11) with
F = F. In particular, Q is a solution of the affine Toda field equations (2.12) for G.

Proof. By considering terms in A%~! and A? in (3.12) we have

0
é(;lzl = [§d7§ ]7
0&4 i
e _ __ 3.14
b 2[€d,€1—d], (3.14)
08y i
o = —5[&17&171]-
Then the Mgy component Ag of (F*)~1dF? is given by
A()—ng (RIS dd_
so that
xAg = —5‘1—1d - gl—dcr

and hence, using (3.14), d x Ag = 0. Let Q:. 2 =47 be a solution of
dQ) = —ix Ay, Q(0) = 0.

Then
o9 _ ;Sd-1
0z 27
and hence Adexp 2(B) and &; both satisfy the same system of ODE’s
0 i
5‘_2 = —g[ﬁafdfl]
. (3.15)
o e
oz - 2 7,G1—d]s
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with initial condition n(0) = B. Hence
&qa = Adexp Q(B).

Thus (2.11) holds for F = F* with A\ = 1. O

Remark 3.4 (i) The vector fields V,V are canonical Hamiltonian vector fields on AG, with
respect to the Poisson structure defined by the r-matrix
R:AG, — AG, , RO\Fg,) = % sign (k)AF€,

and the Ad AG,-invariant Hamiltonians f: AG. — . | f(§) = ’\1;[ (£,6). In A-K-S-language

this corresponds to the splitting of AG, into two subalgebras
AG, =AG- (DA~

where A= = {£ € AG, | & =3",0 Nk, & €iT}. (See [BP] or [DPW] for more details.)

(ii) Equations (3.12) are in Lax form and hence isospectral. It follows from standard techniques
[FPPS92], [Bur| that (3.12) linearise on the Jacobian of their spectral curve. This is where
periodicity conditions on the solutions can be discussed. A detailed study of this aspect will
be done elsewhere.

Conforming to standard notation [BFPP] a 7-primitive map :. .aq /T obtained via the construction
above will be called a 7-primitive map of finite type. The above discussion may be summarised as follows:

Theorem 3.5. A T-primitive map ;. 2 — G/T is of finite type if and only if there exists an S-family
F=F* % AG, of Toda frames with ) = wo F' and a Laurant polynomial solution & % — Ay, some
d=1(m), with

d¢ = [¢, F1dF),
R (3.16)
F-lg—f = i(de*l + A&).

We call such &:. 2 — Ay an adapted polynomial Killing field (for the Toda frame ).

We now come to the main result of this section:
Theorem 3.6. Let 1:T? — G/T be a T-primitive map of a 2-torus. Then v is of finite type.

Combining this with corollary 2.7 we obtain the following

Corollary 3.7. Every doubly periodic solution of the affine Toda field equation for G is obtained by
integrating the finite dimensional Hamiltonian ODE’s (3.12).

Proof of theorem 3.6. All the crucial ingredients for proving theorem 3.6 are contained in [BFPP],
section 2. Hence we will confine ourselves to showing how to adopt our situation to the setup therein.
From corollary 2.7 we know that there exists an (essentially) unique Toda frame F*: 2 — @G with

A
(FA)—laaiZ = % + Mdexp Q(B)
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where Q:T? — 7. To find an adapted polynomial Killing field for F* we have to solve
dé = [€, (09 + AAd exp Q(B))dz + (—0Q + A~ ' Ad exp(—Q)(B))dz] (3.17)
for a Laurant polynomial £:. 2 — Ay, some d = 1(m), with leading terms

1 o0
1(554_1 + Aa) = 5 + AAdexp Q(B).

We start by regauging F* to a complex frame

F=FlexpQ (3.18)
which has o -
FdF™" = (209 + AB)dz + A\~ Ad exp(—29Q)(B)dz. (3.19)
Hence (3.17) becomes
d¢ = [¢, F1dF] (3.20)
for the gauged polynomial Killing field E = Adexp(—Q)(¢):. * — A, which we require to satisfy
€ >~ 09
Z( 9 +>\§d)_28z+>\3

We choose a faithful representation G < U(N) of G into a unitary group and view G- C g€(N,. ) asa Lie
subalgebra of g€(V,. ). We claim it suffices to find a formal solution Y = 37, . MYy, i =1(m), Y T? —
g2e(N,. ), satisfying (3.20) with top term Y; = B. That such a solution Y exists follows verbatim from
the proof of theorem 2.4 in [BFPP]: B is regular semisimple (in g€(N,. )) and (3.20) for Y is precisely
equation (3.18) in the proof of theorem 2.4. in [BFPP]. Also note that 2%: T? — T is defined on the
2-torus 72, hence the Y} constructed in the proof of theorem 2.4. in [BFPP] as differential polynomials
in Q, will be defined on 72, i.e. Y;:T? — g€(N,. ). Since we have granted that we have a formal solution
to (3.20) defined on T? we use the standard ellipticity argument in [FPPS92] or theorem 2.3 of [BFPP],
to obtain a complex, polynomial solution to (3.20),

X :T? = Agl(N, )

d
X = ZA’“)Z’k,d = 1(m),)2'd = B.
k=0

Thus X = AdexpQ(X) = ZZ:O Ne Xy, d = 1(m), X4 = Adexp(Q)(B), is a complex polynomial solution
to the real equation (3.17). Putting

n=X+X
we obtain a real solution of equation (3.17) with 74 = Adexp(€Q)(B). Since G is simple we have an ad-
invariant projection g€(N, ) — G which projects 7 into a Ag-valued Killing field n: 7% — A4. Finally
we average 7 using 7 to obtain

=Y )T — A
k=1

thus solving (3.17) with £; = Adexp(2)(B). But the top term in (3.17) gives

9y 00

o0
(€as g] + [6a-1,8a] = 5 = [57&1]

and hence 99
2— —&4-1] =0.
[£d7 Dz gd 1]
But &, being cyclic in M implies
1
24T e
which completes the proof. a
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4 Superconformal harmonic surfaces in C'P"

In this section we give the T-primitive condition a more geometric flavour by characterizing those harmonic
maps into . P™ which arise from 7-primitive maps into SU(n 4+ 1)/T™ under homogeneous projection.
The harmonic maps so obtained we call superconformal (definition 4.4), since they turn out to be isotropic
of the highest possible order without being totally isotropic, the totally isotropic case having been dealt
with by [EW83] and [Cal67], for instance.

We begin by writing down the general theory of section 2 in the special case of G=SU(n + 1), and hence
obtain a characterization in lemma 4.1 of those maps ¢: S — SU(n + 1)/T™ which are 7-primitive.

The group SU(n + 1) has rank n and a maximal torus 7™ consists of the diagonal elements of SU(n+ 1),
so that 7 is the space of purely imaginary diagonal matrices with zero trace. The complexification of
su(n+1)is s€(n+1, ), and the roots are

{oi—0;:i#j;4,j=0,...,n}

where
O—i(diag(y()’ ey yn)) = Yi, 1= O, e, M.
We take
{oi—0;:i>j;1,j=0,...,n}
to be the positive roots, and o; = 0; — -1, 7 = 1,...,n, as the positive simple roots. Then 0 =

Op — 09 = 2?21 «; is the highest root, so we take ag = —6. For each pair (7,7),7,5 € {0,...,n},i # j,
let E;; be the element of s€(n + 1,. ) whose only non-zero entry is a 1 in the (4, j)-th place. Then Ej;
spans the root space corresponding to o; — o; and

{EZJ’L#],Z,]:O,7’I’L}

is a Cartan-Weyl basis. Hence, in the notation of section 2, M; is the vector subspace of s€(n +1,. )
spanned by E1,..., Enn—1,FEo,. Thus the elements of M, are of the form Zie o a;i—1E; ;—1 where

1,05+, Ann-1,00,n €. and B=37  Ej; 1.

We are now in a position to identify 7-primitive maps ¢:S — SU(n + 1)/T". The elements of the
flag manifold SU(n + 1)/T™ may be written as ordered (n + 1)-tuples (Lq,...,L,) of mutually or-
thogonal 1-dimensional subspaces of . "*'. Then, given a map v¢:S — SU(n + 1)/T", we write
¥(p) = (Lo(p), ..., Ln(p)),p € S. Thus ¢ corresponds to a decomposition of the trivial bundle § x . "
into an ordered orthogonal direct sum of line subbundles, which we also denote by Ly,..., L,.

Lemma 4.1. Let : S — SU(n + 1)/T™ and, as above, write ) = (Lo, ..., Ly). Then v is T-primitive
if and only if for each nowhere vanishing local section gy of Ly,

Ogr
—— €Ly ®Lgy1, k=0,...,n—1,
92 kD Lk n
Agn
—— € L, ® Ly,
0z @ Lo

and % € Ly at only a discrete set of points for all k =0,... n.

We now recall some elementary facts about harmonic sequences associated to harmonic maps into . P7,
(see for example [BW92, BW86, Wol88]) and also give the definition of superconformality for harmonic
maps into . P".

Let L — P denote the tautological line bundle whose fibre over € . P™ is the line # €. "*'. There

is a bijective correspondence between maps ¢: S — . P" and smooth complex line subbundles of §x. ™!
given by ¢ < ¢*L.
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Let ¢: S — = P"™ be smooth and let Ly = ¢*L. Then the standard identification of T P" with
Hom(L, L") enables us to regard the derivative d¢ as a map

d¢:TS ® Ly — L,

where L denotes the orthogonal complement with respect to the standard Hermitian inner product (, )
on. "' Specifically, if X € T'S and s is a local section of Lo then dp(X @ s) is the component of ds(X)
orthogonal to Lg.

n

Every complex vector subbundle V of S x . "*! inherits a holomorphic structure for which s is a local
Js

holomorphic section if and only if 52 is orthogonal to V. Then ¢ is harmonic if and only if the (1,0)
part O of d¢ is a holomorphic bundle map or equivalently, if and only if the (0,1) part 0 of d¢ is an
antiholomorphic bundle map.

Assume now that ¢ is harmonic. If d(resp. 9) is not identically zero then the zeros are isolated and there
are uniquely determined line bundles Ly D im(0)(resp. L_1 D im(0)) extending im(9)(resp. im(9))
across the zeros. The maps ¢1,¢_1: 5 — . P™ corresponding to Li,L_; are again harmonic hence,

proceeding inductively, we obtain a sequence of line bundles, the harmonic sequence,
co.L_o,L_1,Lg, Ly, Lo...

and the corresponding sequence

"'¢—27¢—17¢0:¢5¢15¢2~--

of harmonic maps from S into . P™. We also have a sequence of holomorphic bundle maps
0 THS @ Ly, — Liy1

and antiholomorphic bundle maps _
8}€2 T(O’l)S ® Ly — Li_1.

Let z be a local complex coordinate on S and let fy be a nowhere zero holomorphic local section of Ly.
Then for each k there is a meromorphic local section fi of Ly such that

0

Jr+1 Zak($®fk)- (4.1)

Then fj+1 is the component of % orthogonal to fr and we have the following equations, which hold
away from the singularities of fx:

9 0

%:karl‘f'&lOglkafk, (4.2)
Ofc _ 1ful®
oy = ThT Fr1. (4.3)

Note that, by construction, any two adjacent line bundles in the harmonic sequence are orthogonal.
The following fact, which can be found in [BW86] or [BW92], follows immediatly from (4.2), (4.3).

Proposition 4.2. If some k consecutive bundles in a harmonic sequence are mutually orthogonal then
every k consecutive bundles of this sequence are mutually orthogonal.

Definition 4.3. A harmonic map ¢:S — . P™ is k-isotropic if k consecutive bundles in the harmonic
sequence of ¢ are mutually orthogonal.
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We remark that a harmonic map is conformal if and only if it is 3-isotropic [BW92]. Those harmonic
maps which are given by the elements of the Frenet frame of a linearly full holomorphic curve in . P™
are said to be superminimal or totally isotropic [EW83]. The harmonic sequence of such a map is given
by the Frenet frame, and in particular there are exactly n + 1 elements in the harmonic sequence, all of
which are mutually orthogonal. Every harmonic map of the 2-sphere into . P™ is totally isotropic.

If a harmonic map ¢ is not totally isotropic then each map 9, 0y is non-zero and the harmonic sequence
{Ly} is defined for all k € . In particular, % € Ly, at only a discrete set of points for each k € . .

The results in [BFPP] ounly apply to non-conformal harmonic 2-tori in . P™. This excludes the geomet-
rically interesting case of minimal tori. In this section we describe all harmonic 2-tori in . P™ which are
isotropic of the highest possible order without being totally isotropic.

Definition 4.4. A harmonic map ¢:S — . P™ is superconformal if it is (n + 1)-isotropic but not totally
1sotropic.

Remark 4.5 Proposition 4.2 implies that a harmonic map ¢: S — . P" if and only if ¢ has an orthog-
onally periodic harmonic sequence (i.e. Ly, ..., L, are mutually perpendicular with L, ; = Lg). Thus,
in particular, every harmonic map ¢: S — . P! is either + holomorphic or superconformal, and every
conformal harmonic map ¢: S — . P2 is either totally isotropic or superconformal.

Let m: SU(n+1)/T™ — = P™ be the map which assigns to the flag its first element
7T(L(),. . ,Ln) = Lo.

The manifolds SU(n+1)/T™ and . P™ have canonical SU(n+ 1)-invariant Kahler metrics and the map =
is an SU(n+1)-equivariant complex analytic Riemannian submersion. We note that every superconformal
harmonic map ¢: S — . P™ determines a lift ¢: S — SU(n + 1)/T™ given by

¢ = (Lo,...,Lp). (4.4)
We are now in a position to state and prove the main theorem of this section.

Theorem 4.6. Let ¢: S — . P" be a superconformal harmonic map. Then the lift 5: S — SUn+1)/T™
given by (4.4) is T-primitive. Conversely, if1: S — SU(n+1)/T™ is T-primitive then ¢ = wo): S — . P"
is a superconformal harmonic map with lift ¢ equal to 1p.

Proof. Let ¢: S —  P™ be a superconformal harmonic map with lift & = (Lo,...,Ly,). Tt follows from
(4.2) that if g is a nowhere vanishing smooth local section of Ly then % € Lp®Lgyi1,k=0,...,n, and,

since ¢ is not totally isotropic, % € Ly at only a discrete set of points . However, since the harmonic
sequence is orthogonally periodic, L, 1 = Lg, so that ¢ is 7-primitive by lemma 4.1.

Conversely, assume that ¢: S — SU(n +1)/T™ is 7-primitive and let ¢p = (Lo, ..., Ly). The harmonicity
of ¢ = 7o 1) follows from the general theory of Black [Bla91] but in this particular case one may give

an elementary argument as follows. Let gg,...,g, be local sections of Lg,...,L,. Then, since 9 is
T-primitive, %g; € L, ® L,41 so that, for r # s,s+ 1,
5‘gr 393
ZIr - _ ZZ5y — . 4.5
(2 00) = —(gr, 22 (15)

Now let fy be a local holomorphic section of Ly and let f; = 80(% ® fo), so that f; is the component of
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% orthogonal to Lg. It follows from (4.5) that % € Ly, and hence

0 0 0

s
0 Of (4.6)
- <£ Evgl>

=0.

Hence, using (4.5) and (4.6), we see that f; is a holomorphic section of L*. Thus 9y is a holomorphic
bundle map, so that ¢ is harmonic. Furthermore, lemma 4.1 and the method of construction of the
harmonic sequence show that ¢ has Lo,..., L, as the first n + 1 elements of its harmonic sequence, so
that ¢ is superconformal with lift ¢ = 1. o

Theorems 4.6 and 3.6 have the following important consequence:
Corollary 4.7. Every superconformal harmonic 2-torus ¢: T? — . P™ is of finite type.

In particular, together with the results on superminimal maps [EW83] this accounts for all harmonic
2-tori in. P! =52 and. P2

Finally it is interesting to note that the geometry of the harmonic sequence of a superconformal harmonic
map ¢:S — . P™ may be used to produce directly the Toda framing whose existence was proved in
theorem 2.5, thus giving an alternative proof of theorem 4.6 which does not use lemma 4.1. We begin by
letting z be a local complex coordinate on a simply connected open subset U of S, and {f;} a sequence
of holomorphic sections of the bundles {L} satisfying the Frenet equations (4.2) and (4.3). Then, since
Lypy1 = Lo from remark 4.5, we have that f,+1 = afp for some holomorphic non-vanishing function
a:U — . . Thus, after a holomorphic change of coordinate we may assume that

Jnt1 = fo. (4.7)
Moreover, by (4.3)
0
% det(f()7 ey fn) = 0

so that, replacing fi by det(fo,..., fn)_#lfk we may assume that
det(fo,..., fn) = 1. (4.8)

Since fo, . .., fn are mutually perpendicular it follows that we may define F' = (Fy, ..., F,): U — SU(n+1)
by setting Fj, = e~k fi, where e** = |f|, for k = 0,...,n. It now follows from (4.2), (4.8) and (4.7)

that
\OF

0z
where ) = diag(wo,...,w,):U — i7, and B = ) _ .
framing and z is a corresponding complex coordinate.

F~'2= = 90 + Adexp(Q)(B)

E; ;1. Hence F' is the required local Toda

5 Superconformal harmonic surfaces in S"

Suppose f:S — S™ is a smooth map from a connected Riemann surface S, and let 7: S — . P™ denote
the standard Riemannian double covering and 7:. P™ < = P™ the standard isometric totally geodesic
inclusion. Then ¢ =iomwo f: S — P™ is harmonic if and only if f is harmonic. (Also ¢ is linearly full
if and only if f is linearly full.) As in section 4, we may construct the harmonic sequence of ¢ but now
refer to this as the harmonic sequence of f. In this case, fy = f is a global holomorphic section of Lg
and L_j = Ly (see [BW92]).
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A harmonic map f: S5 — S™ will be called k-isotropicif ¢ =iomo f: S —  P™is k-isotropic in the sense
of section 4.

Lemma 5.1. ([BW92]) If, for some positive integer k < %n +1, f: 8 — S™ is (2k — 1)-isotropic then f
is 2k-isotropic. If n is even and if f is (n + 1)-isotropic then f is totally isotropic.

Suppose then that f: S — S?™ is a harmonic map. If f is (2m + 1)-isotropic then by lemma 5.1 f is
totally isotropic (superminimal). We define f to be superconformal if it is 2m-isotropic but not totally
isotropic.

Lemma 5.2. If f : S — S?™ is a superconformal harmonic map then Li,...,L,_1 are mutually
orthogonal lines whose span is an isotropic subspace of . *™ ! orthogonal to Ly. Moreover, Ly, is not an
isotropic line.

Proof. The first part follows from the fact that L_(,,_1),..., L;y—1 are mutually orthogonal and L_j =
Ly, for all k. For the second part, we note that if L,, were isotropic then L_,,, ..., L., would be mutually
orthogonal, so that f would be (2m + 1)-isotropic which gives a contradiction to lemma 5.1. O

There are two types of superconformal harmonic maps into S?™, namely those which are

(a) linearly full in S2™;

(b) linearly full in a totally geodesic S?™~! in S2™.

In case (b) the harmonic sequence is orthogonally periodic (c.f. remark 4.5) since Lyyo,, = Ly for _all
k, and any 2m consecutive line bundles L, ..., Lxio,m—1 are mutually orthogonal. Moreover, L, = L,
and the corresponding map f: S — S?m~1 is the polar of S in the sense of [Law70].

Notice that any conformal harmonic (i.e. minimal) map f:S — S or S* is superconformal or supermin-
imal and so is every almost complex curve f: S — S% (c.f. section 6).

We now consider the theory of section 2 in the case where G = SO(2m +1). First let . ,,, denote the flag
manifold whose elements are ordered sequences

X =(Xo,..., Xm)
of mutually orthogonal complex lines in. 2"+ where Xy, is the complexification of a real line in. >™*! and
X1, ... X,, span a maximal isotropic subspace of 2™ "', Note that each element X = (Xo,...,X,n) € m

determines a unique unit vector ug = p(X) € = ™" which spans X,. For if %(U%A — dugg) is a unit
basis vector for Xj (k= 1,...,m) then ug is the unique unit vector in . *™** for which u, ..., ugy, is
2m—+1

a positively oriented orthonormal basis of . . This defines a projection p:. ,, — S?™. We also note
that, similarly, X €. ,, is uniquely determined by p(X) and X1,..., X;n_1.

The group SO(2m+1) acts transitively on . ,, and the stabilizer of each point is a maximal torus. Indeed,
for k = 0,...,2m, let e}, be the (k4 1)-st standard basis vector of . *** (having a 1 in the (k + 1)-st
place and zeros elsewhere) and let Co =. eg,Cy =. (ear—1 — iegy) for k =1,...,m. Then the stabilizer
of C = (Cy,...,Cp) €. 1, is the maximal torus

7" = {diag(1, R(61),...,R(0n)) | 61,...,0m €. }
where
sin 0 cos

R(0) = (

Thus we may identify =, with SO(2m + 1)/T™ and p with the projection of SO(2m + 1)/T™ onto S?™
induced by sending an element of SO(2m + 1) to its first column.

cosf) —sinf )
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Let f:S — S?™ be a superconformal harmonic map. Then, by lemma 5.2, there is a lift f:S’ —
SO(2m + 1)/T™ defined by

f=%&Xo, ..., Xm) (5.1)

where Xy = Ly, k =0,...,m—1 and X,, is determined by the condition that po f: f. Note that L,, is
contained in the orthogonal complement X,, & X,, of L_(—1)®-+ @ Lyp—1. This is needed in the proof
of theorem 5.4.

As we will show, fis T-primitive and the process of lifting gives a 1 — 1 correspondence between super-
conformal harmonic maps f: S — S?™ and 7-primitive maps 1: S — SO(2m + 1)/T™.

We first characterize 7-primitive maps using the root space decomposition for so(2m + 1) as follows:
let eq, .. .,eam be the standard basis of . 2™ !, As a Cartan subalgebra 7T for so(2m + 1), we take the
subspace of so(2m + 1) consisting of those (2m + 1) x (2m + 1) matrices for which each of the subspaces
_ep, €gk_1 D eg is an invariant subspace. Thus, these are matrices of the form

diag(0,04,...,0,,), where O} = ( 2 _98 ),k: 1,...,m.
k

For each k = 1,...,m, let 04: 7 — i be defined by o (diag(0,01,...,0,,)) = if,. Then as positive
simple roots we take 01,09 —01,...,0m — 0m—1. The highest root is then given by

Om +0m—1=2(c1+ (02 —01)+ (03 —02) + -+ (Om-1 — Om—2)) + Om — Om—1.

In order to describe the subspace M of so(2m + 1) we first define wo, . .., u,, to be the unit vectors in
J2mAl — 2mtl o given by
1 .
ug = €g, Up = ﬁ(egk_l —desg), k=1,...,m.
Then g, 1, ..., Up, UL, ... Ty is a basis of . 2™ Let Vi,..., Vet € so(2m 4+ 1)  be defined as
follows:

(a) fork=1,...,m,
Vkuk_lzuk, Vk’luzo, é;«ék—l

Vi, = ——1, Vile =0, (# k.

Vipsup =0, k=0,...,m—2
Vm+1um71 = Um, Vm+1um = —Um-1

Vinp1tug =0, k=1,...,m.

Then V; spans the eigenspace A; corresponding to o1, Vi spans the eigenspace Aj corresponding to

ox—0ok—1 for k=2,...,m, and V,,,41 spans the eigenspace A,,11 corresponding to —(oy, +oy,—1). Then
m+1
My =P A
k=1

We now give a characterization of 7-primitive maps ¢:S — SO(2m + 1)/T™.

Proposition 5.3 The map v = (Xo,...,Xmm): S — SO2m + 1)/T™ is T-primitive if and only if, for
each nowhere vanishing local section g of Xy

18



(i) % 6% € X ®Xpyq fork=0,...,m—2, and has a non-zero Xy1 component except possibly
at a dzscrete set of points.

(ii) aq"’ L€ X1 @ Xon ® X, and has non-zero X, X,, components except possibly at a
dzscrete set of points.

(iii) % € X1 ® Xy fork=1,...,m— 1.

Proof. Let gg,...,gmn be nowhere vanishing local sections of Xo,..., X,, respectively, and for & =
0,...,mlet Gp = gx/|gk|- If (i), (ii), (iii) hold then, for suitable scalars Ay, pg, ok, Bk, v we may write

oG

k_Aka+Mka+17 _07"'7m_27
0z
G, — _
L = Anc1Ginet + i1 G + VG, (5.2)
0z
% Z/\ka_l—FﬁkG_k, k=0,...,m—1.

It then follows that for k =1,...,m — 1, axy = —ur_1, and for suitable 3,,,
0G
0z

- *Hm—le,—l + /Bmm

Hence, if G is the SO(2m + 1)-valued map given by

~ 1 — i — 1 1 _
G=(Gy,—=(G1+G1),—=(G1—G1),..., —=(CGm +Gn), —= (G + G,
(Go \/5( 1+ Gh) \/5( 1= Gh) \/5( ) \/5( )
then
8G
G_ — =Apg+ A € My M,
0z
where .
A= Z P Vst + vV,
k=0
The additional assumtions on a k£ show that each of ug, ..., ttm—1, v vanish only at isolated points. Hence
1 is T-primitive. The converse is similar but easier. O

We now state the main result of this section. The proof is similar to that of theorem 4.6, except that we
also need the second statement of lemma 5.2.

Theorem 5.4. Let f:S — S2™ be a superconformal harmonic map. Then the lift f:S — SO(2m+1)/T™
given by (5.1) is T-primitive. Conversely if 1: S — SO(2m + 1)/T™ is T-primitive, then f = po):S —
S2m s a superconformal harmonic map with lift 1.

We recall from above that superconformal harmonic maps f: S — S2™ are either linearly full in S?™ or
are linearly full in a totally geodesic (2m — 1)-sphere S2™ N (N)* where N is a unit vector in . 2™,
These latter maps are characterized by the fact that X,, @ X,, contains the constant real line spanned
by N (for then Xj is orthogonal to N). The real vector in X,, ® X,, orthogonal to N determines the
polar of f in the sense of [Law70].

As in the . P™ case, the above theorem has the following important consequence:
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Corollary 5.5. Every superconformal harmonic 2-torus ¢: T? — S?™ is of finite type.

Since every (non-super)minimal 2-torus in S* is superconformal we recover the results in [FPPS92).

Also, as in the = P™ case, we may produce directly the corresponding Toda framing, hence proving
theorem 5.4 without using proposition 5.3. Firstly, given a local complex coordinate z in some simply
connected open subset of S we have the sequence of . 2™ !-valued functions (4.1) where fy = f. Then
from (4.3) and the fact that f is not superminimal it follows that (fy., fm) is a non-zero holomorphic
function and hence we may suppose that z is chosen such that (f,, f) = 1. (The coordinate z is thus
uniquely determined up to multiplication by a 2m-th root of unity).

Now define a real positively oriented orthonormal frame Fy, ..., Fo,, on U and a real valued function 7
on U as follows:
e 1

il V2

fm = coshnFEsy,, 1 —isinhnFEs,.

Ey = fo, (Bop—1 —iF2), k=1,...,m—1,

We note that Fy, ..., Es,, and 7 are uniquely determined by fo (up to ambiguities involving 2m-th roots
of unity in the choice of the coordinate z mentioned above).

A straightforward calculation then shows that for E = (Ey, ..., Eay,) € SO(2m + 1),

0E 09
_1— = —

9~ - + Adexp(Q)(B)
0 — Wy

where iQ = diag(0,01,...,0,,) with O = ( w 0
k

< 0 = ) and B = Y7 V.

>a6wk = |f]<'|7 k = 17"'am_1a®m =

n 0
We note that the case where f: S — S?™ is linearly full into a totally geodesic S?™~! is characterized by
n=0.

6 Almost complex curves in S°

We recall that the vector cross-product on  * (see [BVW] for details relevant to the present context and
further references) derived from Cayley multiplication on . 8 may be used to define an almost complex
structure on the unit sphere S in. 7.

For any unit vector 2 € . 7, the orthogonal complement ()t admits an orthogonal complex structure .J,,
defined by
Jov=2xwv, ve(x)t

Since (r)* may be identified with the tangent space T}, S, this defines an orthogonal almost complex

structure on S%. This, together with the standard metric on S, defines a nearly Kihler structure whose
automorphism group is the exceptional Lie group Gbs.

The group G is the subgroup of SO(7) consisting of those 7 x 7 matrices whose columns uq, ..., u7 form
an orthonormal basis for . © for which

U3 = Uy X U2, Us = Uy X Ug, Ug = U2 X Ug, U7 = U3 X U4.

Such a basis is called a G3-basis. For example, changing the notation of the previous section, the standard
basis ey,...,e7 (rather than eq,...,eg) of . 7 is a Go-basis.

The elements of SO(7) which fix e; and commute with J., on (e;)t form a subgroup SU(3) C G2 C
SO(7). Care is needed here since

Jel (62 — ieg) = i(eg — ieg), Jel (64 — ’i65) = i(€4 — i€5)

20



but
Je1 (66 - i€7) = —i(€6 — i€7).
so that this subgroup SU(3) is a conjugate of the standard one in SO(7).

The maximal torus T2 of SU(3) and of G consists of elements of the form
diag(1, R(61), R(02), R(03)), 01 + 02 = 0.

Moreover, Ga/T? C SO(7)/T3, and, in the notation of section 5, consists of those elements X =
(X0, X1,X2,X3) € SO(7)/T? for which X1, Xo, (resp. X3) are +i( resp. —i)-cigenspaces for J,,. In
fact the condition on X3 follows from those on X; and X5. One may also show that, equivalently, if
uo = p(X) then there is a basis v1, v, T3 of X7, Xo, X3 respectively such that |vg| = % and

Uy X Vg = 1V
Vg X Vp = € v,
k ¢ kem Um k,¢,m € {1,2,3},

_ 1
Ve X Vg = —5(5ng0

where x denotes the extension of the vector cross-product to . . (c.f. [BVW].)

An almost complex curve in S® is a non-constant smooth map f:S — S% whose differential is complex
linear. In terms of a local complex coordinate z = x + iy the condition for f to be almost complex may
be written

fxf=if.
or equivalently, in terms of the notation of section 4, (4.1),
I x fi=ifi. (6.1)

It is easy to check (c.f. [BVW]) that an almost complex curve which is not totally isotropic is a super-
conformal harmonic map.

Proposition 6.1. Let f:S — S® be superconformal with lift ]?:S’ — SO(7)/T3. Then f is almost

complex if and only if f(S) C Go/T?.

Proof. If f(S) C Go/T? then writing f: (Xo, X1, X2, X3) we see that, since f =po fand f1€ Xy, it
follows that (6.1) holds.

Conversely suppose that f: S — S% is an almost complex curve. Then (6.1) holds, and differentiating
(6.1) gives

I X fa=1ifa.
Since fi € Xk, (k= 1,2), the result follows. O

Now we consider the roots of G5 in order to consider 7-primitive maps. Recall from section 5 that we
may take 01,09 — 01,03 — 02 as a set of positive simple roots of so(7) and that the highest root is o3+ 0.
From above, we see that the Cartan subalgebra 72 of G, is the subspace of the Cartan subalgebra 72 of
s0(7) defined by o1 + 02 = 03. As a set of positive simple roots of Gy we may take 01,09 — o1 in which
case the highest root is o3 + 09 = 01 + 209 = 301 + 2(02 — 01).

The root spaces of so(7) corresponding to o3 — o1 and —(o3 + 02) are both contained in Gy, while the
Go-root space corresponding to o1(= 03 — 03) is the intersection with G of the direct sum of the so(7)
root spaces corresponding to o1 and o3 — o9.

It is now clear that
Ml(gz) :M1(50(7))ﬂg2. (6.2)
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Alternatively, one may deduce this from the fact that G5/T? is a 6-symmetric submanifold of the 6-
symmetric space SO(7)/T?, where in both cases the symmetry of order 6 is given by 7 = Adexp(27iZ)

where Z = diag(1, R(2F), R(T), R(%F)), as indicated by the general theory of section 2. For in both

6 6
27i/6

cases M is the e -eigenspace of the automorphism of the complexified Lie algebra given by 7.

The following proposition is now clear.

Proposition 6.2. Let ¢: S — Ga/T? and let i: Go/T* — SO(7)/T3 be the natural inclusion. Then 1) is
T-primitive if an only if i o ¢ is T-primitive.

Propositions 6.1 and 6.2 now immediately give the following theorem.

Theorem 6.3. Let f:5 — S% be an almost compler curve which is not totally isotropic. Then the
lift f:S — Go/T? given by (4.1) is T-primitive. Conversely, if 1:S — Go/T? is T-primitive then
f=por:S — SO is almost complex with lift 1.

As in the previous sections this has the following important consequence.
Corollary 6.4. Every non-superminimal almost complex 2-torus in S® is of finite type.

Together with the results on superminimal almost complex curves in [BVW] this accounts for all almost
complex 2-tori in S°.

Finally we consider Toda framings for almost complex curves. As in section 5, we first choose a local
complex coordinate z in an open subset U of S such that (f3, f3) = 1. Now define a real positively
oriented frame F1,...,F7; on U and a real valued function n on U as follows:

e 1
il V2

fs = —coshn E7 —isinhn Fg.

Eq = fo, (B, — iBok41), k=1,2,

This is then a Ga-framing as shown in [BVW]. Note that the seemingly natural way of writing fs in terms
of Fg, E7 and 7 (as in section 5) does not give a Go-framing. Moreover (see [BVW]), if |fx| = ¥+, k = 1,2,
then wy + we =7, and writing F = (E4,..., E;7) we have

OE 900N
El—_—=—"+14 Q) (B
= = 5=+ Ad(exp ©)(B),
where
0
wy
—wy
Q=i s €iT?
—wo
n
-n
and )
V2 V2 ) .
P I
2 2
B = V2 1 _a 1 i GMl(Gg).
P 1 P 1
2 T2 2 T2
1
71
2 2
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