FROM MICROSCOPIC INTERACTIONS TO MACROSCOPIC LAWS OF CLUSTER EVOLUTION by Markos A. Katsoulakis^{1,∗} and Dionisios G. Vlachos^{2,∗} 1 Department of Mathematics and Statistics 2 Department of Chemical Engineering University of Massachusetts Amherst, MA 01003-3110

Abstract. We derive macroscopic governing laws of growth velocity, surface tension, mobility, critical nucleus size, and morphological evolution of clusters, from microscopic scale master equations for a prototype surface reaction system with long range adsorbate-adsorbate interactions. It is shown that within the bistable regime, the velocity of the moving cluster boundaries depends on their curvature and is recovered from the microscopic models through derived Kubo-Green formulae.

Intermolecular forces often determine macroscopic phenomena in a wide spectrum of applications ranging from catalysis, to epitaxial growth of materials, to agglomeration of particles. In particular, attractive interactions result in formation of clusters which subsequently affect macroscopic dynamics. For example, cluster and more generally pattern formation of adsorbates and their evolution on catalytic surfaces result in deviations of rate expressions from classical mass action kinetic laws, and affect dynamics and reactor design. These examples underscore the need for understanding the role of microscopic interactions in macroscopic dynamics. In this communication, we focus on cluster evolution in catalytic processes.

Surface reactions on single crystals of catalysts have traditionally been modeled using continuum-type diffusion-reaction models [1], where the adlayer has been assumed to be spatially uniform. Such a mean-field approach treats interactions phenomenologically and is inadequate to accurately describe the rich variety of spatiotemporal behavior observed in experiments [1]. Molecular simulations, such as lattice-gas Monte Carlo (MC), are best suited to model intermolecular forces along with their influence on catalytic kinetics [2]. In general, reaction MC simulations model microscopic processes typically described by non-equilibrium statistical mechanics, which can be thought of as generalized Ising systems [3].

� Corresponding authors.

Typeset by AMS-TEX 1

A major disadvantage of MC simulations is their computational intensity which limits calculations to small length scales and short times. In contrast, many experimental techniques used to probe layers of adsorbates are limited to micrometers [1], and real systems are of even larger macroscopic length scales. Recent developments on the complex relations of microscopic Ising-type systems and their approximating, meso- and macroscopic theories, in a general nonequilibrium statistical mechanics context, include [3-7]. Furthermore a mesoscopic model for catalytic surfaces was developed in [8].

Here we present a general and systematic mathematical approach to derive macroscopic scale laws starting from microscopic scale information through the mesoscopic local mean field theory. Such an approach can provide information over relatively large length scales (much longer than the range of the interatomic potential) which are experimentally more easily accessible. The mathematical techniques developed so far regarding the derivation of macroscopic scale laws [3, 5-7], mostly address Ising systems equipped with a single updating mechanism, although some simple combined mechanisms where also studied (see references in [5-7]). The novelty in the results reported in this letter lies with addressing more realistic systems where multiple microscopic mechanisms such as surface diffusion, reaction, and adsorption/desorption coexist and interact. Our mathematical techniques describe concretely this combined effect on the macroscopic scale laws, through derived Kubo-Green formulae for the cluster mobility and surface tension. This approach, although general, is illustrated for a prototype model system. The physical model consists of the molecular adsorption of species A onto a catalytic surface. The adsorbed species A^∗ can either desorb back into the fluid phase, diffuse on the surface, or react through a unimolecular surface reaction to give product B. The Langmuir-Hinshelwood reaction mechanism is summarized as A + ∗ � A^∗, A^∗ ⇀ B + ∗ . Non-ideality in the adsorbed layer is caused by adsorbate-adsorbate attractive interactions which, when strong enough, can lead to a multi-valued isotherm [2, 9] due to the desorption rate. Adsorbate-adsorbate interactions affect usually the surface diffusion dynamics as well.

We will first present a straightforward generalization of the mesoscopic theory developed in [8], when all microscopic processes occur simultaneously. For long range interatomic potentials, Arrhenius desorption dynamics and Metropolis surface diffusion, the mesoscopic local mean field equation for the coverage u is: u_t − D∇ · [ ∇u − βu(1 − u)∇J_m ∗ u ] − [ k_ap(1 − u) − k_du exp ( − βJ_d ∗ u )] = 0 . (1)

Here J_d and J_m are the intermolecular potentials for surface desorption and migration. Furthermore, D is the diffusion constant, k_d, k_a denote respectively the desorption, and adsorption constants, p is the partial pressure of the gaseous species A, and J ∗ u denotes the convolution. This equation was first derived [8] in one space dimension, when J_d = J_m. In this letter we focus on studying the asymptotics, and the resulting cluster evolution, of two special cases of (1): First, the Fickian diffusion case, u_t − DΔu − [ k_ap(1 − u) − k_du exp ( − βJ_d ∗ u )] = 0 , (2)

and second, the case presented in [8], where J_d = J_m = J. Although the prototype system we consider is two-dimensional, we carry out all our calculations in R^n.

Next we state some of the basic properties of (1) and (2). Steady state solutions of either equations satisfy the algebraic equation

f(x) := α(1 − x) − xe^{−λx} = 0 , (3)

where α = k_ap/k_d and λ = J_0β, J_0 = ∫ J(r)dr. Fig. 1(b), (c.f. [8]) shows schematically the phase diagram as a function of the dimensionless pressure α, and the interaction parameter λ. Outside the cuspy envelope, intermolecular forces are either weak or very strong, so a single-valued isotherm is found, which corresponds to the single root of (3). In particular, in region I, adsorbates form a dilute phase. In region III, a dense phase of mostly covered sites is found. Within the cuspy envelope (region II), both phases can exist. In this case (3) has three solutions m_− < m_0 < m_+ , where m_+ and m_− correspond to the dense and the dilute phases of the system, respectively. The dynamics of cluster evolution depends on the subregion separated by the stationary coexistence curve (the dotted line in Fig. 1), satisfying α = e^{−λ/2}. One-dimensional standing and travelling waves for equations (1) and (2) are crucial in our analysis below, since they connect high and low density phases, across a cluster boundary. These special solutions are of the type u(r, t) = q(r · e − ct), r ∈ R^n, where e is any unit vector, q = q(ξ), ξ ∈ R and c = c(α, λ) denotes the speed of the wave. There are no general rigorous results available on the existence of travelling waves for (1), however some numerical simulations for identical interaction potentials J_m = J_d = J, were carried out in [8]. In this special case, on the line of stationary coexistence, the standing wave q of (1) satisfies −J̃ ∗ q + 1 β ln ( q 1 − q ) = − 1 2 J_0 , q(±∞) = m_± . (4)

In addition, q̇ > 0, where (·) denotes the derivative with respect to the ξ variable. From here on we assume that the interaction potential J is non-negative and radially symmetric, and we define J̃(ζ) = ∫ R^{n�1 J((ζ2 + |r′|2)1/2dr′ , ζ ∈ R. The existence of such standing waves is}

shown in [4].

It turns out (using the methods in [10]) that (2) admits monotone travelling wave solutions q = q(ξ) with speed c = c(α, λ), satisfying −c(α, λ)q̇ − Dq̈ − k_ap(1 − q) + k_dq exp [ − βJ̃ ∗ q ] = 0 , q(±∞) = m_± . (5)

We now focus on the main results of this letter, regarding the evolution of clusters in the long space/time asymptotics of (1) and (2). We consider two distinct scaling regimes of the equations:

(i) When the parameters (α, λ) lie away from the stationary coexistence line (see Fig. 1), the speed of propagation of clusters is non-zero as the travelling wave analysis indicates. We scale space/time in (2) as (r, t) → (rϵ^{−1}, tϵ^{−1}), thus the transitions between high and low density regions (described by travelling waves) become sharper for ϵ << 1, and clear cluster boundaries emerge, denoted by Γ_t where t is the rescaled time.

(ii) When the parameters (α, λ) lie within O(ϵ) of the line of stationary coexistence, then the wave q = q^ϵ moves slowly, i.e. c = c^ϵ(α, λ) = O(ϵ) and so do the corresponding clusters. To capture effectively this slow motion, along with possible effects due to the cluster geometry we scale space/time in (2) as (r, t) → (rϵ^{−1}, tϵ^{−2}). Physically these scalings represent a long characteristic time compared to the desorption time, i.e., taken as ϵ^{−1}k^{−1}_d and ϵ^{−2}k^{−1}_d , respectively, and a ratio of diffusion length to macroscopic length proportional to ϵ times the square root of a constant, still denoted by D in the scaled equations.

Initially we concentrate on the study of equation (2). We will carry out the analysis first for the case when the parameters (α, λ) lie within O(ϵ) of the line of stationary coexistence.

We consider the solution ansatz for (2) in the scaling regime (ii), u(r, t) = q^ϵ ( ϵ^{−1}d(r, t) ) + ϵQ ( ϵ^{−1}d(r, t) ) + O(ϵ^2) , (6) where q^ϵ is the travelling wave, solving (5) with speed c = c^ϵ(α, λ). Q denotes a higher order corrector, which is identified by solving an appropriate “cell” problem (see (7) below). It is the condition guaranteeing the solvability of the cell problem that yields the Kubo-Green formulae for the surface tension and mobility below. We now define the signed distance function d = d(r, t) from a point r ∈ R^n to the cluster boundary Γ_t, see [6] for precise definitions. We remind the reader that the normal velocity V of Γ_t is given by V = d_t while the outward normal unit vector of Γ_t is −∇d and it’s mean curvature is κ = −Δd. It is possible to show with formal asymptotics (and also rigorously), that the local equilibrium ansatz (6) describes a solution of (2) around a cluster boundary (see also the inset in Fig. 2(a) for a numerical validation of the ansatz, even past singularities of the cluster boundary). It remains to identify the morphological evolution of the clusters.

Inserting the ansatz (6) into the rescaled (2) and ignoring the higher order terms, we obtain, L_DQ = [ k_dq exp ( −βJ̃∗q )]_{−1} q̇ { d_t−DΔd− c^ϵ(α, λ) ϵ } − β 2 ∫ J(r^′)q̇(· +r^′·e)(ê·r^′)^2dr^′Δd , (7) where e and ê are any two orthogonal unit vectors and q denotes the standing wave for (5) obtained when we set ϵ = 0 in q^ϵ. The operator L_D is the linearization of (5) around q. The Fredholm Theory implies that equation (7) is solvable for Q if and only if the right hand side is orthogonal in L^2(R) to the kernel of the adjoint L^∗_D of L_D. In earlier work [6], where surface diffusion terms were not included, i.e. D = 0, the operator L_D = L_0 is self-adjoint and one easily gets that kerL^∗_0 = kerL_0 = q̇(·)R. This is not the case here so we need to study separately kerL^∗_D. Using the Implicit Function Theorem, we can show there is a solution χ_D of L^∗_Dχ_D = 0 when D is small enough. The comparison principle for (2) also implies that in this case, kerL^∗_D = χ_D(·)R , and χ_D > 0. This result can be extended to any positive diffusion coefficients D by a continuation argument. We now multiply (7) by χ_D and integrate. The left hand side vanishes since kerL^∗_D = χ_D(·)R, thus we have that on the interface Γ_t, d_t = μσΔd + μΛ. This equation readily implies the macroscopic law for the normal velocity V of the cluster boundaries Γ_t, V = −μσκ + μΛ . (8)

The integration against χ_D also yields that the mobility μ and surface tension σ are given by the Kubo-Green formulae: μ = β [ ∫ ∞ −∞ q̇(ξ)χ_D(ξ) Dq̈ + k_ap(1 − q) dξ ]_{−1} , (9)

σ = D β ∫_∞ −∞ q̇(ξ)χ_D(ξ) Dq̈ + k_ap(1 − q) dξ + 1 2 ∫_∞ −∞ ∫ J(r^′)q̇(ξ + r^′ · e)χ_D(ξ)(ê · r^′)^2dr^′dξ . (10)

Furthermore, Λ =^h_β ∫_∞ −∞ (1−q(ξ))χ_D(ξ) Dq̈+k_ap(1−q) dξ. Note that when D = 0, χD = q̇. Due to the radial

symmetry of J, the right hand side of (10) is independent of the particular choice of e and ê. Since χ_D > 0 we have that μ, σ > 0. The formulae (9-10) specify the relationship between the macroscopic properties of the propagating clusters on one hand, and the microscopic parameters (interatomic potential, microdynamics) on the other. We note here that macroscopic laws such as (8) describe a late stage of the growth process beyond the stage of spinodal decomposition.

Similarly one handles cluster evolution away from the line of stationary coexistence. In this case, we substitute the ansatz (6) in (2) under the rescaling (i), where we employ the travelling wave with speed c = c(α, λ). Following the previous techniques we have the macroscopic law V = −ϵμσκ + c(α, λ) . (11) Here the mobility μ and surface tension σ are given by the formulae (9-10), when q and χ_D are replaced by their travelling wave counterparts. The derivation of (8) and (11) from (2) is valid even past the formation of front singularities (e.g. sintering of two clusters), since (2) has a comparison principle. For the mathematical techniques necessary, we refer to [6]. In this case the front evolution is not interpreted in a pointwise sense but rather as the unique weak solution of a suitable corresponding PDE, [11]. Similar velocity laws in related scaling regimes were also derived from reaction diffusion equations and Ising spin flip systems, see [12] and [6] respectively, as well as references therein.

We now turn towards the analysis of equation (1) in the special case J_m = J_d = J, and when the parameters (α, λ) lie close to the curve of stationary coexistence. Our techniques apply for all parameter choices with the necessary scaling modifications of (1) outlined earlier in model (2). Proceeding as in the analysis of the Fickian model, we obtain that the normal velocity of the cluster boundaries is given by (8), where the mobility μ and surface tension σ are given by the Kubo-Green formulae: μ = β [ ∫ ∞ −∞ q̇(ξ)χ(ξ) k_ap(1 − q) dξ ]_{−1} , (12)

σ = 1 2 ∫_∞ −∞ ∫ J(r^′)q̇(ξ + r^′ · e)χ(ξ)(ê · r^′)^2dr^′dξ . (13)

where q is the standing wave (4), and Λ =^h_{pβ} (m_+ − m_−). Here χ is the solution of L^∗χ = 0, where L^∗ denotes the adjoint of the operator obtained from the linearization of (15) around the standing wave q, solving (4). Since kerM = q̇(·)R, where M is the linearization of (4) around q, Mτ = J̃ ∗ τ −^1_β F^′(q)τ and F (q) = ln ( q/(1 − q) ) , we readily obtain that χ solves − { q(1 − q) ( D k_ap(1 − q) χ˙ ) ˙} + χ = q̇ , χ(±∞) = 0 , (14)

and that kerL^∗ = χ(·)R. Furthermore, by the maximum principle and the fact q̇ > 0, we have that χ > 0 and thus μ > 0. Interestingly, comparison of two extreme cases, namely the equal potentials case and the Fickian case considered above, indicates that macroscopic laws have an explicit dependence on the diffusion constant D only in the Fickian case. This result is typically not considered in the classical nucleation (continuum level) theory.

The Kubo-Green formulae (9-10), (12-13) and the velocity law (8) allow us to calculate explicitly the macroscopic cluster nucleation radius R^∗, close to the coexistence line. Due to the isotropy of the interaction potentials we obtain that R^∗ =^σ_Λ . Formulae (9-10) and (12-13) yield the precise dependence of the critical radius on the microscopics.

To numerically validate the approximation of the mesoscopic equations with the macroscopic interface evolution laws, we have carried out simulations using for illustration the Fickian model (2). On a 151 × 151 lattice we consider a second-order finite difference discretization scheme of (2) with reflective boundary conditions. Initially, clusters of one phase are embedded into the other phase, according to (3). The interatomic potential taken from [8] is^λ_{πr20} exp(−r^2/r^2_0), although other choices are also possible. In the simulations reported here, we take r_0 = 2/150 and ϵ = 1/600.

First, simulations were performed for D = 1, λ = 6 and α = 0.0497 (in region IIa, near the coexistence line). Fig. 1a shows the speed of a shrinking circular cluster (of the dense phase embedded in the dilute phase) versus the inverse of its radius from direct numerical simulations of (2) giving V = −0.005/R + 0.046. Within the accuracy of the simulations, the linearity of macroscopic law (8) is confirmed, and the intercept is in excellent agreement with the speed, μΛ = 0.0467, of a 1D traveling wave (κ = 0), computed independently. Furthermore, using the above estimates, the critical nucleus radius is R^∗ = μσ/μΛ ≈ 0.108. Two illustrative examples of simulations in Fig. 1a confirm this value of R^∗ when the evolution (growth or shrinking) of dilute phase clusters, embedded in the dense phase, is considered for the same conditions. This critical nucleus size varies with pressure. For example, simulations 6% away from the coexistence line in regime IIb show that the critical nucleus for growth is much larger, occupying a large fraction of the simulation domain.

As another test of the numerical accuracy of the macroscopic laws, the case of D = 0 was considered. By computing the standing wave, the values of μ and Λ were independently computed giving μΛ = 0.0216 h. Simulations of 1D traveling waves at various pressures ϵh from the coexistence line gave speeds within 20% of this value. We believe that this agreement can be improved by more accurate computation of q̇, by employing for example front tracking techniques.

In Figure 2 we depict contours, i.e. level-curves of the solution u of (2) lying between the two steady state solutions m_±. Note that the asymptotic expansion (6) implies that as ϵ → 0, all such contours along with the whole transition region between u ≈ m_+ and u ≈ m_−, collapse to the sharp cluster boundary Γ_t whose evolution is given by (8) or (11). According to (11), far from the coexistence line, patterns evolve with the travelling wave speed, and curvature effects are only of order ϵ. This is in fact seen in Fig. 2 near the corners of a growing cluster in subregion II_b. In contrast, near the coexistence line, curvature effects dominate according to (8).

In summary, we outlined a systematic method to derive the macroscopic laws of cluster evolution, from the corresponding mesoscopic scale transport equation capturing microscopic interactions, for a catalytic reaction model system where multiple microscopic processes are coupled. Further results for other diffusion dynamics (e.g., Arrhenius) and anisotropic interaction potentials can also be obtained. It will also be of interest to compare direct simulations of (8, 11) using the level-set method [13], to the mesoscopic equations (1) and (2), as well as to the corresponding microscopic Monte Carlo algorithms.

Acknowledgment. The research of MAK and DGV is partially supported by the National Science Foundation through DMS-9626804, DMS-9801769 and the Career Award CTS- 9702615.

REFERENCES.

1. R. Imbihl and G. Ertl, Chem. Rev. 95, 699 (1995).

2. D. G. Vlachos, L. D. Schmidt, and R. Aris, Surf. Science 249, 248 (1991). 3. H. Spohn, J. Stat. Phys. 71, 1081 (1993).

4. A. De Masi, E. Orlandi, E. Presutti, and L. Triolo, Proc. Royal Soc. Edinb 124A, 1013 (1994). 5. A. De Masi, E. Orlandi, E. Presutti, and L. Triolo, Nonlinearity 7, 633 (1994). 6. (a) M. A. Katsoulakis and P. E. Souganidis, J. Stat. Phys. 87, 63 (1997). (b) M. A. Katsoulakis and P. E. Souganidis, Comm. Math. Phys. 169, 61 (1995).

7. G. Giacomin and J. L. Lebowitz, SIAM J. Appl. Math.. 58, 1707 (1998). 8. M. Hildebrand and A. S. Mikhailov, J. Phys. Chem. 100, 19089 (1996). 9. I. Kevrekidis, L. D. Schmidt, and R. Aris, Surf. Science 137, 151 (1984). 10. X. Chen, Adv. Differential Equations 2, 125 (1997). 11. L. C. Evans and J. Spruck, J. Diff. Geom. 33, 635 (1991).

12. (a) J. P. Keener and J. J. Tyson, Science 239, 1284 (1988). (b) L. C. Evans, H. M. Soner and P. E. Souganidis, Comm. Pure Appl. Math. 35, 1097 (1992). 13. S. Osher and J. A. Sethian, J. Comp. Phys. 79, 12 (1988).

Figure Captions Fig. 1 Velocity of a shrinking cluster of the dense phase (gray circle) vs. its inverse radius. Inset (a) shows snapshots of two clusters of dilute phase (white circle) of different initial radii at times t/ϵ indicated. The parameters are λ = 6 and α = 0.0497. Inset (b) shows the phase diagram for the adsorption-desorption model, in the absence of a surface reaction.

Fig. 2 Contours at values 0.25, 0.50, and 0.75 of u for an initially square cluster of the dense phase embedded in the dilute phase, when λ = 6 and (a) α = 0.07 (subregion II_b), (b) α = 0.037 (subregion II_a) and (c) α = 0.05 (near the coexistence line), at indicated times. The initial cluster covers 25% of the total simulation area.