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1. Introduction

Over the past years many problems in classical surface theory and also more generally, submani-
fold theory, have been linked to certain types of completely integrable non-linear PDE (soliton
equations). In certain cases this has already been known to geometers in the last century but
the explicit construction of solutions by the finite gap integration scheme has only been achieved
recently. The crucial ingredient is to rewrite the equations at hand as zero-curvature equations
involving a spectral parameter — usually given by a non-trivial geometrical deformation of the
surface. The finite gap theory then provides special solutions to those zero-curvature equations
parameterized by certain algebraic curves, the spectral curves, which in certain cases account for
all solutions. A standard example is that of (pluri) harmonic maps into symmetric spaces [3] which
contains many examples of surface theory – constant mean and Gauss curvature surfaces, Willmore
surfaces, minimal immersions — as special cases. Recently also the isometric immersion equations
for maps between space forms (with flat normal bundle) [4], conformally flat 3-folds in the 4-sphere
[8, 9] and isothermic surfaces [2] have been shown to fit into this approach.

In this paper we introduce a natural class of maps into symmetric spaces, curved flats, which, in a
certain sense, contains all the above examples as special cases. A curved flat is simply a map into a
symmetric space which is tangent at each point to a flat of the symmetric space, i.e. each tangent
space is abelian. Since curved flats are intrinsically flat (Theorem 2) they may also be viewed as
natural analogues of developable surfaces in 3-space.

Important examples of curved flats arise from isometric immersions of space forms into space forms
via their Gauss maps (Section 3). The developing isometry identifies (locally) the curved flat with
a Cartan subalgebra of the Grassmanian (in which the Gauss map takes values in). The roots
of the Cartan subalgebra are mapped via this isometry into principal curvature coordinates of
the corresponding isometric immersion (Section 4). Further examples of curved flats come from
isothermic surfaces [2] and conformally flat 3-folds in the 4-sphere [8, 9]. Of course, every curve in
a symmetric space is a curved flat.

Besides their geometric relevance curved flats are also interesting from the integrable systems point
of view: scaling the derivative of a curved flat gives rise to a non-trivial deformation which obviously
preserves the curved flat condition (Section 5). Therefore one can write the curved flat condition
as a zero-curvature equation on a Lie algebra valued 1-form involving the deformation – spectral –
parameter linearly. Introducing the necessary loop algebras in Section 6 we then apply the finite
type integration scheme to construct solutions to the curved flat equations from a hierarchy of
commuting algebraically integrable ODE in Lax form. This gives a space of solutions which has
the functional dimension of finitely many functions of a single variable. At least in principle, each
such solution can be expressed by theta functions on some algebraic curve. In the rather instructive
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simple example of a curve in the 2-sphere (which we will not persue in this paper) the spectral
parameter scales the speed of the curve and at the same time scales the (geodesic) curvature inverse
proportional. The lowest type curves give the geodesics (spectral curve is the Riemann sphere) and
elastic curves (spectral curve is elliptic).

We would like to thank Fran Burstall, Ottmar Loos and Ulrich Pinkall for stimulating discussions
during the preparation of this paper. Finally, the second author would like to thank the members
of the SFB 288 at TU-Berlin for their interest and hospitality.

2. Curvature isotropic immersions

Let N = G/K be a semisimple symmetric space endowed with the Killing metric, M a manifold
of dimension m, and f : M → N a smooth map. Since most of our considerations are local, we
assume M to be contractible unless otherwise stated.

Definition. f is called curvature isotropic or a curved flat, if we have

f∗RN = 0

as a 2-form on M with values in the bundle End(f ∗TN). Here RN denotes the curvature tensor
of N .

Moreover, if f is an immersion which induces a nondegenerate (not necessarily positive definite)
metric on M, we call f a regular curved flat.

We give a Lie algebraic formulation of this definition, which will also explain the term curved flat.
Let

g = k+ p.

be the symmetric decomposition of G/K. Let F : M → G be a lift of f so that π ◦ F = f where
π : G→ G/K, π(g) = [g], is the coset projection. We call such a lift a framing of f. Then

F−1 dF = A = A0 +A1,(2.1)

where A is a 1-form on M with values in g, and A0 resp. A1 denote the k resp. p parts of A. A
satisfies the Maurer-Cartan equation or integrability condition

dA+
1

2
[A ∧A] = 0,(2.2)

where

[A ∧B](X,Y ) = [A(X), B(Y )]− [A(Y ), B(X)] .

The p-space is closed under the triple Lie bracket and canonically identified with the tangent space
of N at the origin [e] = K. Then, if f(p) = [e], F (p) = e, and X ∈ TpM , we obtain

f∗(X) = π∗F∗(X) = π∗(FA(X))

= π∗(A0(X) +A1(X)) = π∗A1(X)

= A1(X),
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and

f∗RN (X,Y ) = −1
2
[[A1(X), A1(Y )], ...]

= −1
2
[[A1 ∧A1](X,Y ), ...] .

Lemma 1. The subspace a := A1(TpM) is abelian:

[A1 ∧A1] = 0.(2.3)

Proof. The assumption implies

[[a, a], p] = 0.(2.4)

Note that

g1 := [p, p] + p is an ideal of g.

Since g is semisimple, so is g1, and by (2.4), [a, a] is in the center of g1. Hence [a, a] = 0.

Conversely, a g-valued 1-form A that satisfies the integrability condition (2.2) together with (2.3)
gives rise to a curvature isotropic map f.

The Lemma shows that a curved flat is at each point tangent to a flat totally geodesic submanifold
of N .

In view of (2.3) the k- and p-part of (2.2) reduce to

dA0 +
1

2
[A0 ∧A0] = 0(2.5)

dA1 + [A0 ∧A1] = 0.(2.6)

Note that A0 : TM → k is the canonical connection of the principal K-bundle f ∗(G) → M , and
this is flat by equation (2.5).

3. Examples

Example 1. Any curve in a symmetric space, in particular in the rank 1 space S2 is curvature
isotropic. This rather trivial example nicely displays several features of the general theory in a very
explicit form. We shall come back to this elsewhere.

Example 2. Let Mm be of constant curvature c > 0, and let

φ :Mm → S := Sn+1(c) ⊂ Rn+2

be an isometric immersion into the sphere of equal curvature c. The Gauss map of φ

f = γφ :M → Gm+1(Rn+2) =
O(n+ 2)

O(m+ 1)×O(n+ 1−m)
assigns to each point of M the orthogonal complement of its normal space in the sphere S considered
as linear subspace of Rn+2. If φ has flat normal bundle V ⊥, we claim that

γφ is curvature isotropic.

For p ∈M we define

Vp = γφ(p) = Rφ(p)⊕ φ∗(TpM).
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Then

M × Rn+2 = V ⊕ V ⊥.

The bundle V ⊥ is flat by assumption, but V is flat, too. To see this, we consider the second
fundamental form β of V :

β : TM × V → V ⊥, β(X, s) = (DXs)
V ⊥ .

Then

< RV (X,Y )s, t >=< β(X, s), β(Y, t) > − < β(Y, s), β(X, t) > .(3.1)

But for X,Y ∈ TM

β(X,φ) = 0(3.2)

β(X,φ∗Y ) = IIφ(X,Y ),(3.3)

where IIφ denotes the second fundamental form of φ. Since M and S have the same curvature,
this together with the Gauss equation implies, that the right-hand side of (3.1) is zero.

Now V and V ⊥ are the pull-backs of the canonical bundle ν and its orthogonal complement ν⊥ over
Gm+1(Rn+2). The tangent bundle of the Grassmannian can be identified with Hom(ν⊥, ν) and for
tangent vector fields X,Y, Z the curvature tensor of Gm+1(Rn+2) is given by

(R(X,Y )Z)(s) = Rν(X,Y )Z(s)− Z(Rν⊥(X,Y )s), s ∈ Γ(ν⊥).

The flatness of V and V ⊥ therefore implies that γφ is curvature isotropic.

If we canonically identify

TγφGm+1(Rn+2) = Hom(Vp, V
⊥
p ),

then

dpγφ(X)(s) = β(X, s).

If we assume that the kernel of the second fundamental form of φ is trivial or, equivalently, that
f = γφ is immersive, then we see from (3.2), (3.3) that φ(p) is characterized uniquely up to sign as
a unit vector in the kernel of dpγφ(TpM). This allows the reconstruction of φ from the associated
curved flat.

This example can be worked out similarly for isometric immersions between hyperbolic spaces of
equal curvature. The ambient space then is the Lorentzian Rn+2

1 , and the Gauss map is a space-like
map into the (m+ 1)-planes of index 1.

Conversely, we can construct isometric immersions between space forms of equal curvature from
curved flats into the appropriate Grassmannians: if

f :Mm → Gm+1(R2m+1)

or

f :Mm → Gm+1(R
2m+1
1 )

is a space-like regular curved flat, then A1(TpM) is m-dimensional for all p. Moreover, if it is a
Cartan subalgebra (see Remark 1 below), then there exists a gauge H :M → K, where K is either
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O(m+ 1)×O(m) or O(1,m)×O(m), so that the gauged frame F̃ = FH has

F̃−1 d F̃ =




∓σT
−β1

σ ω
. . .

−βm
∗ η



.

This follows from Remark 1 below together with the fact that the p-part of the above matrix,
Ã1, represents a normal form of space-like Cartan subalgebras in p. Thus we see that F̃ (p)e0 ∈
kerÃ1(TpM). Now consider the map φ = F̃ e0 which has its image in S

2m or H2m. If φ is immersive

then F̃ is an adapted frame for φ and (3.1) implies that φ is an isometric immersion between space
forms of equal curvature and flat normal bundle.

Example 3. Let Mm be of constant curvature c ∈]0, 1[, and let

φ0 :M
m → Sn(1)

be an isometric immersion with flat normal bundle. Note that the latter condition is automatic if
n = 2m−1, see [6]. We embed Sn(1) as an umbilic hypersurface into a sphere S = Sn+1(c) ⊂ Rn+2

of curvature c, and obtain an isometric immersion φ between constant curvature spaces of equal
curvatures as in the the preceeding example.

This construction is not limited to the above curvature relations. Consider an m-dimensional space
form M of curvature c isometrically immersed with flat normal bundle into an n-dimensional space
form of curvature c̃ 6= c 6= 0. The latter can always be realized as an umbilic hypersurface of a
hyperquadric S again of curvature c in some Euclidean or pseudo-Euclidean (n + 2)-space. This
produces examples of curvature isotropic maps into the Grassmanianns given in the following list.

curvatures S ambient space Grassmannian

c̃ > c > 0 Sn+1(c) Rn+2 O(n+2)
O(m+1)×O(n+1−m)

c̃ < c > 0 Sn+1
1 (c) Rn+2

1
O(1,n+1)

O(1+m)×O(1,n−m)

c̃ > c < 0 Hn+1(c) Rn+2
1

O(1,n+1)
O(1,m)×O(n+1−m)

c̃ < c < 0 Hn+1
1 (c) Rn+2

2
O(2,n)

O(1,m)×O(1,n−m)

The isometric immersions between space forms of equal curvature that arise in the above manner
carry a distinguished umbilic normal field, namely that of the ambient umbilic hypersurface of
S. Conversely, consider an isometric immersion φ with flat normal bundle and immersive Gauss
map between space forms of equal curvature. Assume that we are in the critical codimension
n = 2m− 1. Then we can show the existence of a distinguished umbilic normal field ξ, and prove
that the constancy of |ξ| is necessary and sufficient for φ to factor through an umbilic hypersurface
of S.

A different approach for the construction of isometric immersions of space forms of distinct curva-
tures is presented in [4].
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Example 4. A curved 2-flat in the Grassmannian G+
3 (R

5
1) of space-like 3-planes in Lorentzian

5-space has a lift

F :M2 → O(1, 4).

The Lorentz group acts on the sphere S4
1 := {v ∈ R5

1 | < v, v >= 1}, and an appropriate orbit of
F gives a special Ribeaucour sphere congruence in S3 enveloping a pair of isothermic surfaces. See
[2], p.4.

4. Geometry of curved flats

We have seen that a curved flat f : M → N is at each point tangential to flats in the symmetric
space N . As we shall see below this implies (under certain non-degeneracy assumptions) that a
curved flat is intrinsically flat (where the metric on N is always the one induced by the Killing form
of g). In this sense curved flats can be regarded as analogues of developable surfaces in Euclidean
space. Moreover, if the curved flat is the Gauss map of an isometric immersion then the developing
isometry induces principal curvature coordinates on M . In this situation the flat metric has been
used to show certain non-existence results for isometric immersions [7].

Theorem 2. Let f :M → N be a regular curved flat whose tangent spaces are all conjugate under
the action of the connected component of the isotropy group of N . Then M with the induced metric
f∗gN is (intrinsically) flat.

Remark 1. The transitivity assumption of the Theorem will hold provided that all tangent spaces
of the curved flat are Cartan subalgebras: this follows from the fact that the connected components
of the space of all Cartan subalgebras in p are precisely the orbits under (the connected component
of) the isotropy group K0. Recall that a subspace a of p is a Cartan subalgebra if a is maximal
abelian and consists of semi-simple elements. All Cartan subalgebras have the same dimension [1],
say r, which defines the rank of the (pseudo-Riemannian) symmetric space G/K. Now consider

Σ = {a ⊂ pC ; a abelian and dimC a = r } ⊂ Gr(p
C)

which is a subvariety (defined over R) of the Grassmanian of r-planes in pC. The set of all Cartan
subalgebras

Σ̃ = {a ∈ Σ ; a Cartan }
is open in Σ since it is easy to show that a maximal abelian a is Cartan iff the Killing form is non-
degenerate on a and the set of maximal abelian a ∈ Σ is open in Σ. Moreover, KC acts transitively

on Σ̃ with stabilizer N(a0) = {k ∈ KC ; AdKC(a0) = a0 }, a0 ∈ Σ̃, so that all points in Σ̃ ⊂ Σ are
smooth and Σ̃ = KC/N(a0). Let

Σ(R) = {a ⊂ p ; a abelian and dimR a = r } ⊂ Gr(p)

be the R-points of the variety Σ. Then the set of real Cartan subalgebras in p is

Σ̃R = Σ̃ ∩ Σ(R)
and as above Σ̃R is open in Σ(R). Moreover, [10], Σ̃R is a smooth real manifold of dimR Σ̃R =

dimC Σ̃ with only finitely many connected components. To see that each K0-orbit O is a connected
component of Σ̃R it suffices to show that O is open in Σ̃R. Since O = K0/N(a0) where N(a0) is

the normalizer of some a0 ∈ Σ̃R we obtain

dimRO = dimC Σ̃ = dimR Σ̃R

which shows that O is open in Σ̃R.
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In the above discussion we saw that being a Cartan subalgebra is an open condition inside rank
dimensional abelian subspaces. When we integrate the curved flat equations in Section 6 we can
always assure this locally by choosing the right initial conditions for the Lax flows.

Of course, for Riemannian symmetric spaces N it suffices to have dimM = rankN for the tangent
spaces of a regular curved flat f :M → N to be Cartan.

Proof of the Theorem. We argue locally at p0 ∈ M , and may hence assume the existence of a
framing F :M → G of f , such that as in (2.1)

F−1 dF = A = A0 +A1 ,(4.1)

F (p0) = e ∈ G .(4.2)

Then

ap := f∗(TpM) = A1(TpM) ⊂ p

is abelian by Lemma 1. We change F by a gauge transformation using the transitivity assumption.
Let H :M → K be such that AdH(p)(ap) = ap0 , and put F̃ := FH. Then taking the p-part of the
Maurer-Cartan equation (2.2) for the corresponding

Ã1 = Ad(H)A1 : TM → ap0

we find

d Ã1 + 2[Ã0 ∧ Ã1] = 0.(4.3)

Clearly d Ã1 has values in ap0 , while

< [k, ap0 ], ap0 >=< k, [ap0 , ap0 ] >= 0

implies that [Ã0 ∧ Ã1] has values in a⊥p0 . Since f was assumed to be regular ap0 and a⊥p0 are
complementary subspaces.
Therefore

d Ã1 = 0,(4.4)

and so Ã1 = dψ for some local diffeomorphism ψ :M → ap0 . Finally

< f∗X, f∗Y > = < π∗F̃∗X,π∗F̃∗Y >

= < Ã1(X), Ã1(Y ) >ap0

= < dψ(X), dψ(Y ) >ap0

shows that the metric is flat.

Remark 2. Let f : M → N be a regular curved flat such that all its tangent spaces are Cartan
subalgebras. As in the proof let a = f∗(Tp0M) be a fixed Cartan subspace in p and ψ : M → a

the developing isometry. If α1, . . . , αm are a set of simple roots on a then αi ◦ ψ give canonical
coordinates on M . If the curved flat arises from an isometric immersion between space forms
like at the end of Example 2 then one can easily check that these coordinates are the principal
curvature coordinates for the immersion. This provides a rather nice geometric interpretation of
the developing isometry of a curved flat.
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5. The spectral parameter

In this section we reformulate the curved flat equations (2.2), (2.3) as an integrability condition
involving an additional - spectral - parameter. If the curved flat happens to be the Gauss map
of an isometric immersion (Example 2) this parameter scales the second fundamental form of the
immersion and thus gives a non-trivial deformation. The existence of such a non-trivial deformation
is indicative that curved flats are solutions to a certain integrable system. We will discuss this aspect
in more detail in Section 6.

Let A0 and A1 be k and p-valued 1-forms and consider the 1-parameter family (loop) of g-valued
1-forms

Aµ := A0 + µA1(5.1)

for real µ 6= 0. Then we have
Lemma 3. The following are equivalent statements:

i. A0 and A1 satisfy the curved flat equations (2.2) and (2.3);
ii. A0 and µA1 satisfy the curved flat equations (2.2) and (2.3) for some µ 6= 0;
iii. Aµ solves the Maurer-Cartan equation

dAµ +
1

2
[Aµ ∧Aµ] = 0

identical in µ.

The proof follows immediately by comparing coefficients at powers of µ. Thus we see that curved
flats come in 1-parameter families and that their integrability equations can be rewritten as a
zero-curvature condition involving and auxiliary parameter.

According to [4], an isometric immersion f :M(c)→ M̃(c̃) with flat normal bundle between space
forms of distinct curvatures also comes in a 1-parameter family — let us call this parameter λ. As
explained in Example 3, their Gauss map is a curved flat, which by the above also embeds in a
1-parameter family. It can be shown that the two families correspond where the relation between
the two parameters is given by

µ =
−√c
2
√
1− c

(λ− λ−1) .

6. Integration of the Curved Flat Equations

Using the reformulation of the curved flat equations (Lemma 3) as a loop of flat 1-forms we will
now apply the finite type integration scheme to construct solutions in terms of a hierarchy of finite
dimensional commuting ODE in Lax form. Let N = G/K be a semisimple symmetric space,

g = k+ p

the symmetric decomposition of G/K, and denote by σ : g → g the corresponding involution. We
put

Λgσ := {ξ : R∗ → g Laurent polynomial in µ | σξ(µ) = ξ(−µ)},(6.1)

and split this as

Λgσ = Λ
+gσ ⊕ Λ−∗ gσ.
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Here Λ+gσ denotes the polynomial loops in µ, while those in Λ
−
∗ gσ are polynomials in µ

−1 that
vanish at infinity. Let π± denote the corresponding projections. Then

R :=
1

2
(π+ − π−) : Λgσ → Λgσ

defines an R-matrix, and we can apply the results of [5], Section 2, and [3], Section 3.

Let d > 0 be odd, and let V be an AdG-equivariant polynomial vector field on g. We decompose
this into its homogeneous parts of degrees r1, . . . , rm,

V = V (1) + . . .+ V (m),

and define for ξ ∈ Λgσ

Ṽ (ξ)(µ) :=

m∑

i=1

(−1)ri+1µ1−driV (i)(ξ(µ)).

If V is (−σ)-equivariant
−σV (ξ) = V (−σξ),

then Ṽ is ad-equivariant on Λgσ, and induces a vector field

XV (ξ) = [ξ, (R+
1

2
)Ṽ (ξ)],

on Λgσ, which is in fact tangential to the finite dimensional subspace

Λd := {ξ ∈ Λ+gσ|ξ =
d∑

k=0

µkξk}.

Any k such vector fields C∞-commute. Natural examples are given by the gradients grad v = V of
AdG- and (−σ)-invariant polynomials v (with respect to an AdG-invariant inner product on g). If
N is of rank k, then the existence of k independent such functions is guaranteed, provided N has
the surjection property, see [3] Section 8, which is the case for all classical symmetric spaces and
group manifolds.

We now are in the position to state the basic integration theorem for curved flats:

Theorem 4. Given AdG- and (−σ)-equivariant polynomial vector fields V1, . . . , Vk on g, and
ξ0 ∈ Λd, for some odd d > 0, the system

∂ξ

∂xj
= [ξ, (R+

1

2
)Ṽj(ξ)]

has a unique local solution ξ : Rk ⊃ U → Λd with ξ(0) = ξ0. For this

Aµ =
∑

j

(R+
1

2
)Ṽj(ξ)dx

j

is of the form (5.1). It satisfies (2.2), (2.3) for all µ, and therefore induces a curvature isotropic
map f : Rk ⊃ U → N .

Remark 3. If the rank of G/K is k then we can choose the initial condition ξ0 in such a way that

(R + 1
2)Ṽj(ξ0), j = 1, . . . , k span a Cartan subalgebra in p. But this is an open condition inside

k-dimensional abelian subspaces and thus each tangent space of the resulting curved flat will be a
Cartan subalgebra for p ∈ U (c.f. Remark 1).
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Remark 4. If G/K is a Grassmannian — which is the case for the Gauss maps of isometric im-
mersions — the vector fields Vi are simply given by even powers of off-blockdiagonal matrices
ξ2i.
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