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Problem 1. Find the solution of the inhomogeneous ODE
y'+y=f)
with initial conditions y(0) = 3/(0) = 0, where

0 t<m
f@)=< 1 7<t<3m
0 3n <t

First we rewrite f and a sum of Heaviside functions: f(t) = ur(t) — usx(t). The equation is
then

Y+ y = ur(t) — uge(t)

Taking the Laplace transform of both sides,

Lly" +y] = Llur — uzs]
LIy"] + Lly] = Llux] — Lluzx

—Ts —37s
$2Lly] = sy(0) = y/(0) + Lly) = — — —
—Ts —37s
2, _e¢ e
(s + DLy = — S
—Ts —37s

Ll = s(s24+1)  s(s2+1)

Taking the inverse Laplace transform of both sides,

_ -1 [ _
y==~L 1s(s2+1)  s(s2+41)

B C—l r e~ TS B E—l e—37rs
B | s(s2+1) s(s241)

_ -1 [ —T7s 1 -1 —37s 1
=L _6 s(s?2+1) £ s(s?2+1)

First we will find £ [e—”m] We use that £~ [e=*F(s)] = uo(t)f(t — ¢) where f(t) =

e~ TS e—?ﬂrs :|

L7YF]. In this notation, we have ¢ = 7 and F(s) = m So, we need to find £7! [m}
We use the method of partial fractions to rewrite F. The partial fractions decomposition is



1 _é Bs+C

s(s?2+1) s+s2+1

Solving for the constants, we find A =1, B= —1 and C' = 0. Then

1 1 S
Fls) = s(s2+1) s 241
Thus,
f(t) = L7HF)

Then £~ [e*ﬂsm] = wn(8)f(t — 7) = un (£)[1 — cos(t — 7).

Similarly, £ [ef?ﬂrsm] — g () f(t — 37) = gn (1)[1 — cos(t — 37)].

Putting these together,

Yy = ur(t)[1 — cos(t — 7)] — uzx(t)[1 — cos(t — 3)]

0 t<m
=q l—cos(t—m) w<t<3m
0 3r <t
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FIGURE 1



Problem 2. Find the solution of the inhomogeneous ODE
y" 43y +2y = w(t)
with initial conditions y(0) = 0 and y’(0) = 1.

Taking the Laplace transform of both sides,

Lly" 4+ 3y +2y] = L]u4]

Lly"]+3L[y'T+ 2L[y] = L[u1]

—S

$*Lly) — sy(0) — ¥/ (0) + 3sL[y] — 3y(0) + 2L[y] =

S

—S

e

(s* +3s+2)L[y] —1= .

e ? 1
GAD6+2)  +DE+2)

Lly] = .

Taking the inverse Laplace transform of both sides,

-1 [ e’ 1
=L G ey T (s+1)(5+2)]

M —s

=2 | rmere) 4 lernesa)

First we will find £71 e‘sm]. We use that £L71[e " F(s)] = u.(t)f(t — ¢) where f(t) =

L~1[F]. In this notation, we have ¢ = 1 and F(s) = m So, we need to find £~} [m} .
We use the method of partial fractions to rewrite F'. The partial fractions decomposition is

s(s+1)(s+2) s s+1 s+2

Solving for the constants, we find A =1/2, B = —1 and C = 1/2. Then

1 1 1 1
o) = e~ sl T 612

Thus,



f(t)=L7HF]
Sl e
. H “[ e [l
e

Then £71 [6_378@“;(5”)} =u (t)f(t—1)=ui(t) [5 — e~ (t=1) 4 %6_2(’5_1)].
Now we find £7! [m} Using partial fractions, we rewrite

1 11
(s+1)(s+2) s+1 s+2

Then

< [erera) = [

_ -1 1 -1 1
=L L+1 £ s+2

Putting these together,

1
y =u(t) {2 e~ (t=1) + 5 —2(t— 1)} Lot g2
_ eit — 672t t<1
t+(l—ee+ (e —1)e? t>1

FIGURE 2



Problem 3. Find the solution of the inhomogeneous ODE

y' +y=f(t)
with initial data y(0) = ¢’(0) = 0, where
t 0<t<?2

First we rewrite f and a sum of Heaviside functions: f(t) = t — u2(t)(t — 2). The equation is
then

Yy =t—u(t)(t —2)

Taking the Laplace transform of both sides,

Lly" +y] = L[t — uz(t)(t — 2)]
Lly") + L) = L]t] — Llua(t)(t — 2)]
s*Lly] — sy(0) —y'(0) + L[y] = 3% — e?
(2 + e = 5 -
1 e—2s

Lyl = s2(s241) B s2(s241)

Taking the inverse Laplace transform of both sides,

B ‘671 r 1 B 6725
v= |s2(s24+1)  s2(s2+1)
B L:—l r 1 o 6—25
B | s2(s2 4+ 1) s2(s241)
_ p—1 [ 1 -1 —2s 1
=L | s2(s24+1) £ e s2(s24+1)

The partial fractions decomposition of F'(s) = m is

1 A B Cs+D 1 1

s2(s2+1) s+32+32+1 T2 241

Then

1 1 1
N I O R
£ [52(52—&—1)} £ [52 + 82+1:|




6

Similarly, using £=e " F(s)] = u.(t)f(t — ¢), we find L1 {e’%m
2)].

Putting these together,

] = us(D)[t — 2 — sin(t —

y=t—sint —ua(t)[t — 2 — sin(t — 2)]

| t—-sint 0<t<?2
| 2-—sint+sin(t — 2) t>2
""" 05 o 05 1 15 2 25
FIGURE 3

Problem 4. Find the solution of the inhomogeneous ODE

Y — Ay = us(t) —ua(t)
with initial conditions y(0) = 0 and y'(0) = 1.

Taking the Laplace transform of both sides,

Lly" — 4y = Lluz(t) — ur(t)]
E[Z/H} —AL[y] = Llug] — L[u1]

9 , 6725 675
s°Lly] — sy(0) —y'(0) — 4L[y] = P
(2 4y 1=
5 y - S S
1 —2s —s
Ll = + o -

(s—=2)(s+2) s(s—=2)(s+2) s(s—2)(s+2)

Taking the inverse Laplace transform of both sides,



6728 e~ S :|

+ s(s—2)(s+2) s(s—2)(s+2)

1 1 1 1 1 1 1 1
_ 6226 _ 16—% — (t) [_4 + g62(26—1) + 86—2(t—1):| + UQ(t) |:_4 + geQ(t—Q) + ge—Q(t—Q)
%th — e t<1
G e e i
(i — ge_Q + ée“l)e% + (—i — %62 + ée‘l)e_gt t>2

05 1

FIGURE 4



