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Problem 1. Find the solution of the inhomogeneous ODE
y'+y=0(t—m)
with initial conditions y(0) = ¢’(0) =0 .

Taking the Laplace transform of both sides,

Lly" +y] = L[5(t — )]
Lly" |+ Lyl =e™*
s?Ly] — sy(0) — y'(0) + L[y] = ™™
(2 4 1)Ly =

Taking the inverse Laplace transform of both sides,

e—T(S
=L1
Y [52 T 1]

= u,(t)sin(t — )

Problem 2. Find the solution of the inhomogeneous ODE
Y + 3y +2y=0(t—5)
with initial conditions y(0) = 0 and y'(0) = 1.

Taking the Laplace transform of both sides,

Lly" +3y" +2y] = L[o(t - 5)]
Lly"]+3Lly ] + 2Ly =™
s?L[y] — sy(0) — y'(0) + 3sL[y] — 3y(0) + 2Ly = >
(82 +3s+2)Lly] —1=e"*
e™5s 1
st +2) G+ +2)

Lly] = (

Taking the inverse Laplace transform of both sides,



. M 6758 1
y==~L _(s+1)(s+2)+(s+1)(8+2)]
=Lt _658] 4+t [1]
(s+1)(s+2) (s+1)(s+2)

! i€_5s(5+1)1(s+2)} +L7 {(s+1)1(8+2)}

First we will find £71 e’5sm]. We use that £L71[e ™ F(s)] = u.(t)f(t — ¢) where f(t) =

L71[F]. In this notation, we have ¢ = 5 and F(s) = Wl(?-ﬂ) So, we need to find £71 [Wl(%-ﬂ)} .

We use the method of partial fractions to rewrite . The partial fractions decomposition is

1 A B

(s+1)(s+2) Tor1 542

Solving for the constants, we find A =1 and B = —1. Then

1 1 1
F = = —
() (s+1)(s+2) s+1 s+2
Thus,
f(t)=L7[F)
N L
s+1 s+4+2
1 1
_ 1 et
[s + 1] £ [s + 2}
— et _ 2t
Then £ |7 gy | = us(D)(E = 5) = us ()]~ — 7279,

—2t

And we have also computed the second term, £7! [( =et—¢

1
s+1)(8+2):|

Putting these together,

y = et — 67% + u5(t)[67(t75) o 672(1575)}



Problem 3. Consider the matrix ODE

, (3 =2

(i) Find the general solution. Where does the solution tend to as t — co?

Let A= (g :;) First we find the eigenvalues of A.
A—3 2
det(A] — A) = det ( 2 a4 2)
=A=3)(A+2)—(2)(-2)
=X _-A-2
=A=2)(A+1)
Setting this equal to zero, we find the eigenvalues of A are \; = 2 and Ay = —1. Now we

find eigenvectors corresponding to these eigenvalues.
Suppose v = <Zl> is an eigenvector with eigenvalue A\; = 2. Then Av = 2v gives
2
3 -2 U1\ _ (%1
2 =2 V2 - U2
3?]1 — 2’1)2 . 2’1}1
21}1 — 2’[}2 - 2’1}2
3v1 — 2vp = 20,
2’()1 — 21}2 = 21)2
or
v, — 2’U2 =0

2v1 —4v =0

Thus, both equations give vo = %vl. So, we can take v; = 2 which implies v = 1 and we

2 . .. 2
). Then one solution of the equation is u; = e ( )

get the eigenvector (1 ]

> is an eigenvector with eigenvalue A = —1. Then Aw = —w gives
3 =2 wi\ . w1
2 =2 wao o w2
3101 — 21U2 [ —w1
2w1 — 2102 - —WwW2

w1
Now suppose w =
w2



(iii)

3’(1)1 — 2’[1)2 = —WwWq

2’(1}1 — 2’11)2 = —W2

or
411)1 - 211.)2 =0

2’(1)1 — Wy = 0
Thus, both equations give wy = 2w;. So, we can take w; = 1 which implies ws = 2 and

we get the eigenvector G) Then another solution of the equation is us = e~¢ (é)

. 1
So, the general solution is y = ¢;e? (i) +cge™t (2> Ast — oo, et — 0 for any constant

co. Thus, if ¢; = 0, the solution tends toward the equilibrium point (0,0) as ¢ — co. For

all other solutions y, |y| — oo as t — oo in the direction of the eigenspace for Ay = 2,
1

Y2 = 3Y1-

Find the solution with initial condition y(0) = (1)

We substitute t = 0, 4, = 1 and y» = 1 into the general solution y = c;e? (?) +ege™t (;)

()=o) =)
()= (o)

which gives the system of equations

This gives
or

261+02:1

c1+2c=1

Solving this system, we find ¢; = c2 = 1. So, the solution to the IVP is y = fe? (2> +

1
1
1
56 t (2>

Draw eigen directions and sketch some trajectories, in particular the one with the previous
initial condition.

Figure 1 shows the eigenspaces and the solution to the IVP. All other trajectories follow
the vector field.
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FIGURE 1

Problem 4. Find the solution to the matrix ODE
;{21

which satisfies y(0) = ((2)> Draw eigen directions and sketch the solution you found.

The eigenvalues are \; = 1 and A2 = 3 and eigenvectors are v; = <_11> and vy = <}>, respectively.
So, the general solution is y = c;e! (_11) + et <1> The solution to the IVP is y = €% <_11) +

et (1) Below are the eigenspaces and the solution to the IVP.



FIGURE 2



