Homework 12, M 331
due 5/7/09

Problem 1. Consider the matrix ODE

(i) Find the general solution.
| "
Let A = g g . First we find the eigenvalues of A.
| "
12
g !
=121 16

— (11 4)( +4)

det(ll 1 A) = det

Setting this equal to zero, we find the eigenvalues of A are ! 1 =4 and !, =! 4. Now we
find eigenvectors corresponding to these eigenvalues.
Lo

V . . . . .
Suppose V = vl is an eigenvector with eigenvalue ! 1 = 4. Then Av = 4v gives
2
I " " |
0 2 V1 —4 Vi
&8 0 Vo o Vo
I " | "
2V, . 4v,q
8vq - 4v,
2Vo = 4vq
8vi = 4vp

Thus, both equations give v, = 2vi. So, we can take vi = 1 which implies'v> = 2 and we
1 . .
9 - Then one solution of the equation is u; = e
[

Wi

get the eigenvector 9

Now suppose W = is an eigenvector with eigenvalue ! , = ! 4. Then Aw = ! 4w

gives



(iii)

2wy, =1 4wy

8wy =1 4w,
Thus, both equations give Wy =! 2w;. So, we can take w; = 1 which implies W, ={ 2 and
. 1 . . . 1
we get the eigenvector | 9 - Then another solution of the equation is Uy = € * | 9

So, the general solution is y = ¢;e* ; + e M | 9
[

Find the solution with initial condition y(0) = 2

[

We substitute t = 0, y; = 0 and Yy, = 4 into the general solution y = c;e* ; +
| om

ce 4

19 - This gives
' n ! n ' n
| 1
T R
or
[ "
0 C1 +C2
4 2c1 ! 2¢

which gives the system of equations

ct+Cc =0
2c; ! 2c, =4
Solying this sygtemy we find ¢ = 1 and ¢ = ! 1. So, the solution to the IVP is y =
1 " 1
t | 4t
et , e |9

Draw a picture showing the eigen solutions, the solution with the previous initial condition,
and sketch the general behavior of the solutions.

Figure 1 shows the eigenspaces and the solution to the IVP. All other trajectories follow
the vector field.

Characterize whether the origin is a source, sink, saddle or (inward/outward) spiral.

Since!1 =4> 0and !, ="! 4< 0, the origin is a saddle point.
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Problem 2. Consider the matrix ODE | "

(i) Find the general solution.
P P
1

1
ectors are Vi = and v = | =

The eigenvalues are ! 1 =! 1 and !, =! 3 and eigenv 1
I n

P !
respectively. So, the general solution is y = ¢;€' ! } +ce 3t 1
(ii) Draw a picture showing the eigen solutions and sketch the general behavior of the solutions.

NONON LN
NONCONCONC N\ 2Ry

NN NN
NN

NN
NN NN

Figure 2



(iii) Characterize whether the origin is a source, sink, saddle or (inward/outward) spiral.
Since!1 =! 1< 0and!, =! 3< 0, the origin is a sink.
Problem 3. Consider the matrix ODE | "
P23
(i) Find the general solution.
| "
Let A = (2) g . First we find the eigenvalues of A.
| "

rr2 13
0 e 2

=121 41 44
=1 (11 2

Setting this equal to zero, we find the only eigenvalue of A is | = 2. Now we find
eigenvector(s) corresponding to this eigenvalue.
|

det(ll 1 A) = det

Suppose V = xl is an eigenvector with eigenvalue | = 2. Then Av = 2v gives
2
I " " [
2 3 Vi 9 Vi1
0 2 Vo o Vo
| v "
2vy +3vo 2vg
2Vo - 2Vo

2v1 + 3Vvy = 2vp
2V = 2V

The second equation is a tautology and the first equation gives v = 0. So; the eigenspace

. . . 1
is the line v, = 0. We can take vi = 1 Vo, = 0 and we get the eigenvector 0 Then one
| w

1

solution of the equation is u; = € 0

Since there is only one eigenvector for A, to findja second solution of the ODE, we need

a generalized eigenvector for A. Suppose W = Wi is a generalized eigenvector with
eigenvalue ! = 2. Then Aw = 2w + Vv gives ’
! "l " P
2w
! "ol "
2w1 + 3w, 2wg + 1



or
2wy + 3wp = 2wy + 1

2Wo = 2W»

The second equation is a tautology and the first equation gives wy = 1/3. So, the gen-

eralized eigenspace is the line wp = }/3v Choosing a point on this line, we can take
w; = 0 and we get the eigenvector (1) . Then another solution of the equation is
! n | " §
1
up = te? + e (1)
0 3
| | |ow
L ¢ 1 o 1 . 0
So, the general solution is y = -4 0 + cote 0 +ce?t
3

(ii) Draw a picture showing the eigen solutions and sketch the general behavior of the solutions.

Figure 3 shows the eigenspace and the solution to the IVP in (iii). All other trajectories
follow the vector field.
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o
(iii) Find the solution with initial data y(0) = 1
| [
We substitute t = 0, y; = 0 and y, = 1 into the general solution y = ¢;e* (1) + cote?t (1) +
|
c et (1) . This gives
3
| | ow |
0 1 0
1 =C 0 +C %



or .
0 B C1
1 %Cz
P P
Thus, ¢; = 0 and ¢, = 3. So, the solution to the IVP is y = 3te® (1) + 3% 2
3
Problem 4. Consider the matrix ODE | "
p 312
Y= 411
(i) Find the general solution.
! n
I
Let A = Z | ? . First we find the eigenvalues of A.
| "
'3 2
T =
det(!l 1 A) =det L4 141
=121 2 45

Setting this equal to zero, we find the eigenvalues of A are 1+ 2i. Let !'; = 1+ 2i and
I, =1! 2i. Now we find eigenvectors corresponding to these eigenvalues.
I n

Suppose V = V1 s an eigenvector with eigenvalue |1 = 1 + 2i. Then Av = (1 + 2i)v
gives
| " " [
3 12 Vi . Vi
4 11 \'Z] 7(1—’_2') \'Z]
| " "
3vi! 2w, - (1 =+ 2i)V1
vl vy - (]. + 2i)V2
3vi! 2vp, = (1 + 2i)V1
4vi ! v = (1 + 2i)V2
or
2V = (2' Qi)Vl
v, = (2 + Qi)Vz
Putting vy = 1 in the first equation, we get vo = 1! i. So, an eigenvector for ! 1 = 1+2i is
V= Il P = 1 + 101 i. Consequently, an eigenvector for the conjugate eigenvalue
. - ! n
I, =1"! 2i is the conjugate vector w = 1 _1|_ i

oo Lo
1

Allowing complex solutions, the general solution is y = ¢;e*2 )t 1 Il i +cpell” 20t 1+i



(i)

(iii)

Using Euler’s formula and hesuperposition principle, in terms of yeal functions, the general
solution is y = c;€' cos(2t) } I ¢ € sin(2t) |01 + C€' sin(2t) 1 +C€' cos(2t) ,01

! n
Find the solution with initial condition y(0) = é

Substituting t = 0, y1 = 1 and y2 = 0 into the general solution gives

or !
1 C1

0 ! o
| o

Thus, ¢; = ¢ = 1. So, the solution to the IVP is y = €' cos(2t) (1) + €' sin(2t)

Draw the solution with the previous initial condition and sketch the general behavior of
the solutions.
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Figure 4

(iv) Characterize whether the origin is a source, sink, saddle or (inward/outward) spiral.

Since the real part of the eigenvalues 1+ 2i is positive, we have an unstable spiral.



