HoMEWORK 3, M 331
DUE 2/26/09

Problem 1. Consider the ODE

(i)

(i)

(iii)

(2ty? + 2y)dt + (2t%y + 2t)dy = 0

Verify that this equation is exact, i.e., of the form Mdt + Ndy = 0 with M, = N; (where

. . . . . . . o aM
partial derivatives w.r.t. the corresponding variable are denoted by a subscript: M, = By
etc.).

M(t,y) =2ty* +2y so M, =4ty +2

N(t,y) =2ty + 2t so Ny =4ty + 2
Therefore, the equation is exact.
Find the function F(t,y) describing the solutions implicitly via F(t,y) = C.
The function F' satisfies %—f M and %—5 =N.

Integrating M with respect to t,

/ —dt = / (2ty? + 2y)dt
F(t,y) = t*y* + 2ty + f(y)

where f(y) is an unknown function of y.

Integrating N with respect to vy,

oF

dy = [ (2t2y + 2t)d
oy Y /( y + 2t)dy

F(t,y) =ty + 2ty + g(t)

where ¢(t) is an unknown function of ¢.
Equating (1) and (2), we see that F(t,y) = t2y? + 2ty.

Determine the constant C' so that the solution fulfills (0) = 0. Draw this solution some-
how.

All solutions satisfy t2y? + 2ty = C for some constant C. Since y = 0 when t = 0, we
have C = 0. Then the solution satisfies t2y? + 2ty = 0. Factoring, y(t?y + 2t) = 0 implies
that y = 0 or y = 7t t # 0. Since our solution must satisfy y(0) = 0, it must be the
equilibrium solution y(t) = 0 for all ¢.
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Problem 2. Consider the ODE
(ye®™ 4 t)dt + bte*™dy = 0
(i) For which value of b is this ODE exact?
For the ODE to be exact, we need M, = N;. M(t,y) = ye?™ +t so M, = e*"¥ 4 2tye?™.

N(t,y) = bte*" so Ny = be®™ + 2btye®™. Setting M, = N;, we have
e 4 otye® = be® 4 2btye®

Factoring,

eV (1 + 2ty) = be™¥ (1 + 2ty)
Therefore, b = 1.

(ii) Find all solutions of the ODE (possibly implicitly) for this value of b.

'he ODE is
2 4 t)dt + te*™dy = 0
(y y

Since the equation is exact, there is a function F' = F(¢,y) such that all solutions lie on
the level curves of F', i.e. they satisfy F'(t,y) = C for some constant C. Furthermore, the
function F' satisfies %—f = M and %—Z =N.

Integrating M with respect to t,

oF

—dt = 24 t)dt
5 /(ye +1)

3) Fity) = 56V + 22+ ()

where f(y) is an unknown function of y.



Integrating N with respect to vy,

/ajdy — /teztydy
dy

1 5,
(4) F(ty) = 5¢* + g(!

where ¢(t) is an unknown function of ¢.

Equating (3) and (4), we see that F(t,y) = £e*¥ + ¢, Therefore, all solutions of the
ODE are %ezty + %tz = (C for some constant C.

Problem 3. Solve (possibly implicitly) the ODE (2t — y)dt + (2y — t)dy = 0 with initial condition

y(1) = 3. Draw the solution curve.

The equation is in the form Mdt + Ndy = 0 with M (t,y) = 2t —y and N(t,y) = 2y — t. Since

M, = —1 = Ny, the equation is exact. So, there is a function F' = F(t,y) such that %—? = M and

%—5 = N and all solutions lie on the level curves of F'.

Integrating M with respect to t,

ot
(5) F(t,y) =t* -ty + f(y)

OF i = / (2t — y)dt

where f(y) is an unknown function of y.

Integrating N with respect to y,

(6) F(ty) =y* —ty +g(t)
where ¢(¢) is an unknown function of ¢.

Equating (5) and (6), we see that F(t,y) = t* + y? — ty. Thus, the all solutions must satisfy
t2+y%—ty = C for some constant C. Using the initial condition, y(1) = 3, we have C = 1+9-3 = 7.
So, the solution to the IVP satisfies t2 +y% — ty = 7.

To draw the solution curve, rewrite the equation as y? — ty + (t* — 7) = 0. The left hand side is a
quadratic equation in y, for which we seek roots. Using the quadratic formula, we have

_ (=) EVED2 -4 - T)

y_




4

Since our solution must satisfy y(1) = 3, we must take the positive square root. Then the solution

18

t++/—3t2 + 28
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Problem 4. Solve the following ODEs by any method you have learned (if no initial condition is
specified, find all solutions, possibly implicitly):

(i) ydt + tdy = 0 with initial condition y(1) = 1.

The equation is in the form Mdt + Ndy = 0 with M(t,y) = y and N(¢,y) = t. Since

M, =1 = Ny, the equation is exact. So, there is a function F' = F(¢,y) such that %—f =M

and %—5 = N and all solutions lie on the level curves of F.

Integrating M with respect to t,

OF
F(t,y) =ty + f(v)

where f(y) is an unknown function of y.

Integrating N with respect to y,

F(t,y) =ty +g(t)
where ¢(t) is an unknown function of ¢.

Equating (7) and (8), we see that F(¢,y) = ty. Thus, the all solutions must satisfy ty = C
for some constant C. Using the initial condition, y(1) = 1, we have C' = 1. So, the solution
to the IVP satisfies ty = 1.



(i)

(iii)

_ 2t44
y' = 3y74'71‘
Rewrite the equation as (—2t — 4y)dt 4+ (3y — 4t)dy = 0. Then the equation is in the form
Mdt+ Ndy = 0 and M, = —4 = IV, so it is exact. Solving by the method outlined above,
we obtain the general solution %yz — 2 — 4ty =C.

y = % with initial condition y(0) = 1.

Rewrite the equation as (—2t — 3)dt + (2 — 2y)dy = 0. Then the equation is in the form
Mdt 4+ Ndy = 0 and M, = 0 = Ny, so it is exact. Solving by the method outlined above,
we obtain the general solution 2y — y? — t2 — 3t = C. Using the initial condition, we find
C =1, so the solution to the IVP satisfies 2y — 3% —t? — 3t = 1.

(9t2 + y — 1)dt + (t — 4y)dy = 0 with initial condition y(1) = 0.

The equation is in the form Mdt + Ndy = 0 and My, = 1 = Ny, so it is exact. Solving by
the method outlined above, we obtain the general solution 3t3 —t —2y? +ty = C. Using the
initial condition, we find C' = 2, so the solution to the IVP satisfies 3t3 —t — 2y? + ty = 2.

Problem 5. Consider the ODE

(i)

(i)

(e* +y—1)dt — dy = 0.
Show that this ODE is not exact.

The equation is in the form Mdt + Ndy = 0 but M, = 1 while N; = 0. Since M, # N,
the ODE is not exact.

Find an integrating factor for the ODE.
Suppose p = p(t) is an integrating factor for this ODE. Multiplying by pu,

p(t) (€ +y —1)dt — p(t)dy = 0.

Let M = u(t)(e* +y—1) and N = —pu(t). For the equation to be exact, we need M, = N;.
We compute M, = u(t) and N; = —p/(t). Setting these expressions equal, we obtain an
ODE for u: p/(t) = —u(t). This equation is separable and a solution is u(t) = e~ *. Hence,
we have the following exact ODE:

e e +y—1)dt —etdy = 0.
or
(e + ety —e H)dt — e tdy = 0.

Solving this equation by the method outlined in problems 1 through 4, the general solution
satisfies —e fy + et + et =C ory=e? + 1+ Cel.

Problem 6. Solve the ODE ydt + (2t — ye¥)dy = 0.

The equation is in the form Mdt+ Ndy = 0 but M, = 1 while N; = 2. Since M,, # Ny, the ODE is
not exact. We look for an integrating factor to transform the ODE into an exact equation. Suppose
1 = p(y) is an integrating factor for this ODE. Multiplying by u,



1(y)ydt + p(y) (2t — ye?)dy = 0.

Let M = pu(y)y and N = pu(y)(2t — ye¥) = 2tu(y) — pu(y)ye?. For the equation to be exact, we need
My = N,. We compute My = u(y) + yp'(y) and Ny = 2u(y). Setting these expressions equal, we
obtain an ODE for u: u(y) + yp'(y) = 2u(y). Solving for p/(y), we have p/(y) = % This equation
is separable and a solution is u = y. Hence, we have the following exact ODE:

y2dt + y(2t — ye?)dy = 0.
or
y2dt + (2ty — y2e?)dy = 0.

Solving this equation by the method outlined in problems 1 through 4, the general solution satisfies
—ty? — (y®> — 2y + 2)e¥ = C.



