HoMEWORK 4, M 331
DUE 3/5/09

Problem 1. Consider the linear (inhomogeneous) ODE
y +y=-sint
(i) Find all solutions to the homogeneous ODE.

The associated homogeneous equation is

dyn
— =0.
a Y
Separating variables,
don _
dt Yn
—dyh = —1d¢

/7dyh —/—1dt

Injyy| =—-t+C
eln|yh| _ eftJrC

yn = e e

h = Ce—ta
where we have replaced e with C. So, all solutions to the homogeneous
equation are yj, = Ce™t, for arbitrary constants C.

(ii) Find one particular solution of the inhomogeneous ODE.

We look for a solution of the form y, = u(t)yn, where u(t) is some func-
tion of ¢, and y, is any solution of the homogeneous equation. We take
yn = €', Since y, satisfies the ODE, we have Yy, +yp = sint.

Differentiating,

% [u(t)e™]
=u'(t)e”" —u(t)e™* by the product rule.
Substituting into the ODE, we have
u'(t)e ! —u(t)e ™t +u(t)e™! =sint
o' (t)e”" = sint
u'(t) =elsint

/u’(t)dt = /et sin tdt

Y, =

Integrating,



ot
u(t) = 5(sint — cost)

Since yp = u(t)yn,
ot
Yp = 5(sint —cost)e™"
Thus, y, = (sint — cost) is one solution of the ODE.
(iii) Write down all solutions of the ODE.

All solutions are of the form y = y, + Cyp, for some constant C. So, all
solutions are y = %(sint — cost) + Ce™".

(iv) What happens to the solutions when ¢t — co?

Ast — oo, Ce™t — 0 for any value of C Thus, as t — oo, all solutions
tend toward the particular solution y = (smt — cost).

(v) Find the solution which satisfies y(0) = 0.

Settlngt70andyf01nyf i(sint—cost)+Ce !, we have 0 = —1 +C.
So,C =1 andy= 7(smt—cost) + et

Problem 2. Find the solution to ty’ + 2y = t?> — ¢ + 1 with initial condition

y(1) =1/2.
First we rewrite the equation in the form 3’ +a(t)y = b(t). Dividing by ¢, we obtain

, 2 1
Yy + ;y =t—1+ %
We will solve the equation by the method of variation of parameters. First we solve
the associated homogeneous equation yj, + %yh =0.

Separating variables,

dyn _ 2
dt - tyh
—dyh - —fdt

[ -dun = / “2at

ln|yh| ==2Int|+C
In|y,| =Int™2+C

eln|yh| _ elnt72+C
yn =t 2e”
h = Ct72a

where we have replaced e¢ with C. So, all solutions to the homogeneous equation
are y;, = Ct~2, for arbitrary constants C.

Next, we find a particular solution of the form y, = u(t)yn, using y, = t~2. Since



yp satisfies the ODE, we have y) + 2y, =t — 1+ 1.

Differentiating,
d _
Yp = 3 ()]
=/ (t)t72 — 2u(t)t™3 by the product rule.
Substituting into the ODE, we have
2 1
wuﬁﬂ—zmofﬁ+;wﬂf2=t—1+g

1
1ﬂ0f2:t—1+¥

u(t) =3 — 2+t
Integrating,
/w@m:/@—ﬂ+mu

T R
u(t)zz—g‘i‘?

(B P 2
w1372

Thus, y, = % — £+ 1 is one solution of the ODE.

Since y, = u(t)yn,

All solutions are of the form y = y, + Cys, for some constant C. So, all solu-
tions are y = % — % + % +Ct2.

To solve the IVP, y(1) = 1/2, we substitute ¢t = 1 and y = 1/2. We have

1 1 1 1

e

2 4 3+2+
So,C:%andthesolutionisy:%—%4—%4—#.

Problem 3. Find all solutions of the ODE y/ + 2ty = 2te~*".

This is a first order linear ODE, which we solve by the method of variation of pa-
rameters. First we solve the associated homogeneous equation yj;, + 2ty, = 0.

Separating variables,

dyn

— = -2t

dt Yh
1
7dyh = —2tdt
Yh

1
/7dyh :/—2tdt
Yn

In|yn| = —t*+C



e lynl — e—t2+C
yn = e e
yn = Ce ™,
where we have replaced e¢ with C. So, all solutions to the homogeneous equation
are yp = Ce‘tz, for arbitrary constants C.

Next, we find a particular solution of the form y, = wu(t)yp, using y, = et

Since y,, satisfies the ODE, we have y,, + 2ty, = 2tet"

Differentiating,

vy = 3 [ "]
= u'(t)e*t2 - 2tu(t)e*t2 by the product rule.
Substituting into the ODE, we have
W (t)e™" = 2tu(t)e™ + 2u(t)et =2t
W (et = 2te

u'(t) =2t
Integrating,
/ o' (t)dt = / 2tdt
u(t) =t
Since y, = u(t)ys,
_ 42 —t?
Yyp =t

All solutions are of the form y = y, + Cys, for some constant C. So, all solu-
tions are y = t2e~t + Ce~t".

Problem 4. Find a value for yq so that the solution of the ODE 3/ —y =1 +sint
with y(0) = yo remains bounded as ¢t — oo.

This is a first order linear ODE, which we solve by the method of variation of pa-
rameters. First we solve the associated homogeneous equation v}, — yp = 0.

Separating variables,

dyn _
dt Yn
1
—dy, =dt
h

Y
1

/—dyh Z/dt
Yh

Injys| =t +C



eln|yh| — etJrC

yp = e'e”

h — Ce 3
where we have replaced e¢ with C. So, all solutions to the homogeneous equation

are y, = Cet, for arbitrary constants C.

Next, we find a particular solution of the form y, = u(t)ys, using y, = e’. Since y,
satisfies the ODE, we have y,, —y, = 1 + sint.

Differentiating,

vy = 5 [u()e’]
=/(t)e' +u(t)e’ by the product rule.
Substituting into the ODE, we have
o (t)e! + u(t)e! —u(t)e’ =1 +sint
u'(t)e! =1 +sint
u'(t) =e " +e tsint

/u’(t)dt = /(e_t + e sint)dt

—t

u(t) = —e " + f%(sint + cost)

Integrating,

Since y, = u(t)yn,

2
Thus, y, = —1 + —3(sint + cost) is one solution of the ODE.

—t
Yp = [—et + % (sint + cos t)] e

All solutions are of the form y = y, + Cys, for some constant C. So, all solu-
tions are y = —1 + —1(sint + cost) + Ce'.

Ast — oo, Cet — oo for C > 0 and Ce! — —oo for C < 0. On the other
hand,

1 1
1+ _§(Smt + cos t)‘ <|-1]+ ‘—2 sin ¢ by the triangle inequality

+ L t
— = COS
2

1+1| i t|+1| t|
= —|sin =
2 2COS

1 1
§1+§+§ since |sint| <1 and |cost| <1

=2.

So, the solution stays bounded if and only if C' = 0. Substituting C' =0, t = 0 and

Yy = Yo into the solution y = 71+7%(sint+cost)+C6t, we have yg = flf% = f%.



6

Problem 5. Solve the following ODEs (if an initial condition is given, find the
solution satisfying this condition):

For problem 5, use the general method outlined in problems 1 through 4. The
answers are given below.

(i) y —2y=t%*,  y(0)=0
The solution to the homogeneous equation is 1, = Ce?’.
A particular solution is y, = %ti’ezt.
The general solution is y = £t3¢* + Ce?".

The solution to the IVP is y = 32",

(i) ty + (t+ Dy =t, y(ln2) =1

Cet,

The solution to the homogeneous equation is y, = 3

A particular solution is y, =1 — %

The general solution is y =1 — % + %e‘t.

The solution to the IVP is y =1— 1 4 2¢7F,

(iii) ' +y =
The solution to the homogeneous equation is y, = Ce™?.
A particular solution is y, = e *In(1 + €*).

The general solution is y = e *In(1 + €') + Ce™".



