HoMEWORK 7, M 331
DUE 4/2/09

Problem 1. Consider the inhomogeneous ODE
y" — 6y’ + 10y = f(¢).

(i) Solve the ODE with inhomogeneity f(t) = e3! subject to the initial condition y(0) = 1,
y'(0) =3.

The general solution is y = y, + y, where y;, is the general solution to the homogeneous
equation and y, is any particular solution of the inhomogeneous equation.

First we find y;, by solving the homogeneous ODE y)/ — 6y;, + 10y, =0

The characteristic equation is A2 — 6\ 4 10 = 0. We use the quadratic formula to solve for
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Then the fundamental solutions are y; = e* cost and y, = e3*sint. So, y, = ki1e* cost +

koe sint for arbitrary constants ki and k.

We use variation of parameters to find a particular solution. We look for a solution of the
form y, = c1(t)y1(t) + ca(t)y2(t) where ¢1(t) and ca(t) are unknown functions of ¢ and y;
and y, are the fundamental solutions of the homogeneous equation. We have the following
formulas for ¢; and cs:

C1 (t) = — %dt
Cg(t) = %dt

where W (t) = y1(t)y5(t) — v} (¢t)y=(t) is the Wronskian determinant.

We compute

Yy = e3t cost

Y, = 3e¥ cost — e sint
Yo = €>sint

yh = 3¢ sint 4 3 cost
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Now we use our formulas to find ¢; and cs.
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Then y, = cost(e3 cost) + sint(e3*sint = e¥. So, the general solution is y = €3 +
3t

kie3t cost + kye3 sint. The solution to the initial value problem is y = e3¢
Find the general solution of the ODE with inhomogeneity f(t) = sint.

The general solution is y = y, + y, where y;, is the general solution to the homogeneous
equation and y, is any particular solution of the inhomogeneous equation.

First we find y;, by solving the homogeneous ODE y}/ — 6y} + 10y, = 0 From part i, the
fundamental solutions are y; = e3 cost and yo = €3 sint. So, y, = k1€ cost + koe3! sint
for arbitrary constants ki and kso.

We use the method of undetermined coefficients to find a particular solution y,. Because
the inhomogeneity is f(t) = sint, we guess that y, = Acost + Bsint for some constants
A and B. We use the ODE to find A and B. We compute,

yp = Acost + Bsint
y, = —Asint + Bcost
y, = —Acost — Bsint



Since we want y, — 6y, + 10y, = sint, we have

(—Acost — Bsint) — 6(—Asint + Bcost) + 10(Acost + Bsint) = sint

(9A — 6B) cost + (6A + 9B)sint = sint

Equating the coefficients of the sine and cosine terms on the left and right hand sides, we
obtain the following system of equations

9A—-6B =0

6A+9B =1

Solving this system yields A =2/39 and B = 1/13. So, yp = 32—9 cost + % sint. Therefore,
the general solution is y = % cost + % sint + kie3t cost + kye®l sint.
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(iii) Find a particular solution of the ODE with inhomogeneity f(t) = 3! cost.

We use the method of undetermined coefficients to find a particular solution y,. Because
the inhomogeneity is f(t) = €3 cost, we would guess that y, = Ae3 cost + Be3'sint for
some constants A and B. However, this is a solution of the homogeneous equation. So,
instead we guess y, = t(Ae3! cost + Be3'sint). We use the ODE to find A and B. We
compute,

y, = te* (Acost + Bsint)
Y, = e3(Acost + Bsint) + te* [(3A + B) cost + (3B — A)sint]

yy =€ [(6A+ 2B)cost + (6B — 2A) sint] + te*[(8A 4 6B) cost + (8B — 6A) sin ]

Since we want y, — 6y, + 10y, = e3! cost, we have

e*[2B cost — 2Asint] = e cost

Equating coefficients, we obtain

2B=1=B=1/2

—2A=0=A=0

Then a particular solution is y, = %te3t sint.



Problem 2. Find the general solution of the inhomogeneous ODE
y//+y/:1+e—t+et.
The general solution is y = y, + yn, where y;, is the general solution to the homogeneous equation
and y, is any particular solution of the inhomogeneous equation.
First we find y;, by solving the homogeneous ODE y}/ 4+ v, =0

The characteristic equation is A2 + X\ = 0. Factoring,

MEA=0
AA+1)=0
A=0 or A=-—1
Then the fundamental solutions are y; = 1 and yo = e~%. So, y, = k1 +koe™t for arbitrary constants
kl and kQ.

We use variation of parameters to find a particular solution. We look for a solution of the form
yp = c1(t)y1(t) + ca(t)y2(t) where ¢;(¢) and co(t) are unknown functions of ¢ and y; and ys are the
fundamental solutions of the homogeneous equation. We have the following formulas for ¢; and
Co:

C1 (t) = — %dt
Cg(t) = %dt

where W (t) = y1(t)y5(t) — v1(t)y=2(t) is the Wronskian determinant.

We compute

y1=1
y; =0
yp=¢e"
yp = —e "

W) =y1yh — yiy2 = —€*

Now we use our formulas to find ¢; and cs.



C1 (t) = — == dt
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Then y, = (t —e '+ €') + (—e' —t — Le*)e ™! =t —e ' + Je' —te™" — 1. So, the general solution
isy:t—e*t—i—%et—te*t—1+k1+k26*t.

Problem 3. Find a particular solution of the inhomogeneous ODE
y" =2y +y=-e +3te! +12

First we find y;, by solving the homogeneous ODE y;/ — 2y; +yp, =0

The characteristic equation is A2 — 2\ 4+ 1 = 0. Factoring,

AN —2X+1=0
A=1A=1)=0
A=1

Then the fundamental solutions are y; = e’ and y, = te.

We use variation of parameters to find a particular solution. We look for a solution of the form
yp = c1(t)y1(t) + ca(t)y2(t) where ¢;(t) and co(t) are unknown functions of ¢ and y; and ys are the
fundamental solutions of the homogeneous equation. We have the following formulas for ¢; and
Co:

C1 (t) = — %dt
_[f
CQ(t) = Wdt

where W (t) = y1(¢)y5(t) — y1(t)y=2(t) is the Wronskian determinant.



We compute

Yy1=¢€
vy = ¢
Yo = tet

W(t) = y1yy — Yiy2 = (1 + t)e* — te** = *

Now we use our formulas to find ¢; and cs.
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Then y, = t* + 4t + 6 + 3t%e’ + Jt3€’
Problem 4. Find the solution of the inhomogeneous ODE
y" +6y + 9y =t
with initial conditions y(0) = y’(0) = 0.
The general solution is y = y, + y, where ¥, is the general solution to the homogeneous equation
and y,, is any particular solution of the inhomogeneous equation.
First we find y;, by solving the homogeneous ODE y + 6y}, + 9y, =0
The characteristic equation is A2 4+ 6\ + 9 = 0. Factoring,



N 4+6A+9=0
A+3)(A+3)=0
A=-3
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Then the fundamental solutions are y; = e 3% and yo = te 3% So, yn = kie 3 + kote™ for

arbitrary constants k1 and k.

We use the method of undetermined coefficients to find a particular solution y,. Because the
inhomogeneity is f(t) = t?, we guess that y, = At? + Bt + C for some constants A, B, and C. We
use the ODE to find A, B and C. We compute,

y, = At*> + Bt +C
yé:QAt—I—B
yg:QA

Since we want y, + 6y, + 9y, = 2, we have

2A + 6(2At + B) + 9(At? + Bt + O) = t*
9At* + (12A + 9B)t + (2A + 6B +9C) = t*

Equating coefficients, we obtain the following system of equations

94 =1
12A+9B =0
2A+6B+9C =0

Solving this system yields A =1/9, B = —4/27 and C' = 2/27. So, y, = %t2 — %t—f— % Therefore,
the general solution is y = étQ — %t—l— 2—27 +kie 3+ kote 3t To satisfy the IVP we need ky = —2/27
and ky = 4/27.



