Inner Product Spaces, Dﬂhugﬂﬂal Projections, and Orthonormal Bases

Def: An inner product on a vector space Visamap (. ) - V = V — Hsuch that
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Note: By (o), we can see that (f, f} =0 if and only if f =D,
Note: Applying the symmetry condition (a) to conditions (b) and {c), we see that
Fa+h={Ff g+ {f hland {f g} = =(f, a}.
So irmer products are linear transformagons in both coordinates,

Example: The dot product on B* is the most common example of an inner product. Show that the dot produc
is an inmer product., -
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Ezamiples Letde = E™*™, the space of all n x sr matrices with entres in . Define a pairing on V by {4, B} =

tr{ AT B} ior all matrices A, B in V. Show that { | } is an inner product.
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cass> & Def: The nors or magnitude of an element § in an inner product space Vis: g X
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Def: We say that two elements [, ¢ in an inner product space V are orifogons! or perpendicular it ﬁ-‘t -3 =0
Def: The distance between fwa elements [, ¢ in an inner product space Vs 5 2 _%ﬁ r-——E-""-
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Example: Let V' = [0, 1], and consider the inner product {f,g} = | fltig(thdt Let m{f) = 32 and nft) = ¢
Find || #% [| and find the distance between m and n.
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inner product on B™ is the dot product. 50 in K™, we have the following £

MNote: The s

- Twn vectors ¢, # £ R are orthogonal / perpendicular if - 4 =

— The length of a veciors ¢ € E™ 1z ||&]| = v7 - 7.

— A wecbor # € B is a unit vector if the lenpgth of s 1, ie. if ||| = 1.

If ¥ = B®, then the vector 4 = = 1% a unit vector in the same direction as @

o T ¥ is orthogonal to every vector in ¢
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F-Ff=0foralvc V.

Def: We sav that a collection g, - . . , ¢ of elements in an inmer product space V' are orifamermal if they are
unit vectors and if each one is t:-rthUH:::.:L to the rest In other words, the collection is orihonorn:
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Ex: The standard basis vectors £, ..., £, £ B® are orthonormal. (So they form an orifx
Also, any subset of this collec tmn is orthonormal

Ex: Let # be any angle. Shonw that the vectors |
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Ex: Show that the vectors |12 and | o} are orthonormal in |
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Thie Orthogonal vectors are Enearly independent. So any set of n orthogonal vectors mn a vector space §

of dimension n 15 a basis for V.

Recall: {Ch. 2) Let _'. be any line in B?. Any vecior £ £ B? can be writtén uniquely as £ = £, + £, where T, is
paraliel to L and &, is orthogonal to L. Here £, is also denoted proj, {3

Thm: Suppose g Ay is-an orthonormal basis of a subspace W of an inner product space V. Then the

f in V" onto the subspace W is:
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Fact Let W be a subspace of B®. Let {i

., } be an orthonormal basis of ¥. Then for any £ € R",
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71 is an prthonormal basis for V. Let £y = span{é; } be
z-axis an let £, = span{&; } be the y-axis. Then forany T < R*, proj,{£) = proj; {z

Obs: Let V be the [zy)-plane in B, Then {&

b projg (£
This is true in seneral: Let V be a subspace of B". Let {4, ..., #,,} be an orthonormal basis of |
[, = spani®:) for each i. Then
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Thm: Letd

e, il b an orth

Nuote: This means that if 4, i, is an orthonormal basis for B™, then & = 3, proi_ ., (F]} for any
£ER™.

Note: The theorem means that if 5 is an orthonc

thevrormial basis for B™, then we o
the B-coordinates of any £ € B™.

Ex: Consider the orthonormal basis B -
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1 conmplemient of Vois the set ¥

Recall: Let V' be a subspace of B™. The orthog
* is the kemel of the crihogonal proje

are orthogonal to V. TNote that V
Properties: Let V" be a subspace of B®
1. Ther ¥+ is a subspace of B™,
2 YV AvE =13},
3. dim{ ¥} +dim{(V+) =n
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Pythagorean Theorem:leatT = R
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Section 5.2: Gram-Schmidt Process and () Factorization

Methad: The Gram-Schmadt Process) Let &

Then

Letd = —,fip = — :

H
Ex: LetB = { &
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i ' - - |"'__.'5;"":I
e JJI- =Wy I.. o
. =a T s
Weds TR, = TR TN
F " — =
% L1
=0'1_ 15 ¢-%)
Ir'."-- TN W]
Ly
AW 3 x . il 5
o - h 1 0]
S 1 1]
Ex: Let Vo= Imi M where 5 = i ].-
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1. Find an orthonormal basis for V.

2. Find the change of basis matrix A from the basis § =
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1. be a basis i

or a subsapce V in E7. Let
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... Then &, .. .. i, is an orthonormal basis for V.,
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Thm: {({}R-facto

rization} Let & be an n ¥ m matrix with i
thers exists and 7 % m mattix § whose cobumns 4,

matrix A with positive «

ez, such that

4 =
Furthermaore, ryy = ||&

7 = i, and
Ex: Verify the QR-factorization

I ob -
Lek (s

e | - 2 01}
L P i
o L o
I TL . p o Ve |
b o - ¥ | - e &
| 7 FATS

I i = i i

g = - -

sl Tl

y independent columns

i, are orthomormal, and an

upper fnangular




Section 5.3: Orthogonal Transformations and Orthogonal Matrices

i

Def: A linear transformation T : B™ — B is called an orthogonal linesr frm
lengths of vectors, ie. if

: ' P cosld —gnf| L . ,
Ex: The rotation by § matrix T2 . | ¥ of B- 18 an orthoeomal transformation,
sind  cos =

Ex: Let ¥V be a subspace of B™. Let 7" :
the subspace V. Then forall ¥ & B

F{T) = refy (¥) = %, .. Showw that T is orthosonal
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Thm: 1. A lingar transformation T" : B™ — B™ i orthogenal if and only # the vectors TY& ), ..., T
form an orthonormal basis for B®
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2. Anr o o matrix A 12 orthoponal if and ondv if s columns form an orthonormai b
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Ex: Is the matrx A = ['I , | arthogenal?
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Ex: Is the makrix A 7 1 L
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Thme: Suppose A and B are orthos

and products of orthogonal matrices are orthogonal.
Def: Ann x nmatric A is symemetric if A = A, and sketp-symmedric if 44 -4

Ex: The mairix A below is symmetric and the matrix B below is skew-symmetric.

1 2 - ] q

205 2 L:I : -
=13 5 5 1| =1 0 -3

3 2 1 _5 3

a 3 7 -

formation if T preserves

zonal matrices. Then A~ and AR are orthogonal. In other words, inverses
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Thm: Ann x 5 matrix 4 is orthogonal if and only if ATA =1, ie
Summary:

Let A bean n » n matrix. Then the following are equiva
1. Aisan orthogonal matri
“3

The transformation L{F} = AT preserves length:
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3. AT =A% Lnam :j
Properties: of AT and A

s Let A and 8 be n ¥ n matrices.

e 1l B oen e T e g F:
LR W BT Saretth | o i Sheudeh
— - -
i [ =y T " > 5 L M
1. (AR) g4+ J.-ﬁu-% A e T R T e R L
' " fAM—=1 — p=14 - - L
i __1_"'\- ] | b H__-\.L"_—.-,"' - II__.'_-:.\_“\ Y - 7
3 (4T}t y—1y7 W o b - L1 S ) -
3. {AT) .
Thm: Let V' be a subspace of B®* with orthonormal basis &,...,#.. The linear transformation T[T =
ore, () has standard matrix QQF where @ = [§; &2 -+ i)
Ex:

Find the matrix of orthogonal projection onto the subspace
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